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Resumo

Neste trabalho, analisamos um Oscilador de Klein-Gordon (KGO) em um espago-
tempo produzido por um defeito topolégico unidimensional, uma corda césmica, na pre-
senga de campos elétricos e magnéticos com potenciais de Coulomb e Cornell. Para de-
senvolver a andlise, separamos os campos de interacao em cinco configuragoes diferentes,
considerando: ) particula livre, i7) campo elétrico radial estatico, #i7) campo elétrico axial
estético, iv) campo magnético angular estético e v) campo magnético axial estatico na
presenca de um potencial de Coulomb, um potencial de Cornell e um fluxo magnético
que apresenta um sistema andlogo ao efeito Aharonov-Bohm para estados ligados. As
equacoes de movimento sao resolvidas analiticamente para todos os cenarios, com exce¢ao
do campo magnético na direcao angular, em que uma solucao numérica é apresentada
para a densidade de probabilidade da posicao da particula. Seu comportamento é estu-
dado alterando-se a intensidade do campo de interacao, a densidade de massa linear da
corda e a energia. Também é apresentada uma interpretacao dos campos e fluxos magnéti-
cos como nao comutativos no espago de momento. Os observaveis fisicos, como a energia
e o momento linear, sao quantizados em diferentes sistemas fisicos e sua dependéncia do

parametro da corda e dos campos de interagao é apresentada.
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Abstract

In this work, we analyze a Klein-Gordon Oscillator (KGO) in a spacetime produced
by a one-dimensional topological defect, a cosmic string, in the presence of electric and
magnetic fields with Coulomb and Cornell potentials. To develop the analysis, we separate
the interaction fields into five different configurations, considering: @) free particle, i)
static radial electric field, 7i7) static axial electric field, 7v) static angular magnetic field and
v) static axial magnetic field in the presence of a Coulomb potential, a Cornell potential
and a magnetic flux that presents a system analogous to the Aharonov-Bohm effect for
bound states. The equations of motion are solved analytically for all scenarios, with the
exception of the magnetic field in the angular direction, where a numerical solution is
presented for the probability density of the particle’s position. Its behavior is studied by
changing the intensity of the interaction field, the linear mass density of the string and the
energy. An interpretation of magnetic fields and fluxes as non-commutative in momentum
space is also presented. Physical observables such as energy and linear momentum are
quantized in different physical systems and their dependence on the string parameter and

the interaction fields is presented.
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Résumeé

Dans ce travail, nous analysons un oscillateur de Klein-Gordon (KGO) dans un espace-
temps produit par un défaut topologique unidimensionnel, une corde cosmique, en présence
de champs électriques et magnétiques avec des potentiels de Coulomb et de Cornell. Pour
développer 'analyse, nous séparons les champs d’interaction en cinq configurations dif-
férentes, en considérant : 7) particule libre, i7) champ électrique radial statique, 7i7) champ
électrique axial statique, iv) champ magnétique angulaire statique et v) champ magné-
tique axial statique en présence d’un potentiel de Coulomb, d’un potentiel de Cornell et
d’un flux magnétique qui présente un systeme analogue a l'effet Aharonov-Bohm pour
les états liés. Les équations du mouvement sont résolues analytiquement pour tous les
scénarios, a l’exception du champ magnétique dans la direction angulaire, ou une solu-
tion numérique est présentée pour la densité de probabilité de la position de la particule.
Son comportement est étudié en changeant l'intensité du champ d’interaction, la den-
sité de masse linéaire de la corde et I'énergie. Une interprétation des champs et des
flux magnétiques comme non-commutatifs dans 1’espace des quantités de mouvement est
également présentée. Les observables physiques telles que I’énergie et la quantité de mou-
vement linéaire sont quantifiées dans différents systemes physiques et leur dépendance au

parametre de la corde et aux champs d’interaction est présentée.
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1 Introduction

One of the most studied topological defects in the last decades is the cosmic string
(BEZERRA, 1991; MARQUES; BEZERRA, 2003; BAKKE, 2012; CASTRO, 2015). This hy-
pothetical one-dimensional structure was proposed in the 1970s (KIBBLE, 1976), and the
interest in its study is due to the fact that this object may have contributed to the
agglutination of matter that would give rise to super clusters of galaxies, justifying the fil-
amentary structure found in some observations (SATO, 1986). The presence of the cosmic
string has significant effects on the structure of the spacetime in which it is embedded — for
instance, we can expect gravitationally lensed objects, and indeed a potential candidate
is currently under scrutiny (SAFONOVA et al., 2023). The space with the cosmic string is
globally conical, although its geometry is locally flat /pseudo-Euclidean, with an azimuthal
deficit angle related to the string tension (VILENKIN; SHELLARD, 2000; VILENKIN, 1985).

The general form for the metric associated with a static cosmic string spacetime with

signature diag(—1,41,+1,41) in cylindrical coordinates (t, p, ¢, z) is
ds* = —dt* 4+ dp? + o p*dp* + d2?, (1.1)

where p € (0,00), ¢ € [0,27], z € (—00,00), and the parameter « is the deficit angle
that is determined by the the string linear mass density p, by means of the relations
a=1—4p € (0,1]. The presence of « in the metric implies that that the propagation of
fields in this spacetime will be modified in comparison with the propagation in Minkowsky

space.

An interesting approach is the interaction between such spacetime and quantum fields.
This approach is appealing once it opens the perspective of detection of cosmic strings by
means other than the gravitational effects. Two of the most studied fields in spacetimes
with topological defects are the Dirac (CUZINATTO et al., 2019) and Klein-Gordon fields
(BOUMALIL; MESSAI, 2014; AHMED, 2020; AHMED, 2021).

The latter is the field of our interest in the present work, particularly, the Klein—-Gordon
Oscillator (KGO), which was recently examined in the cosmic string spacetime (CUZI-

NATTO et al., 2022).
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The KGO is represented by a complex field presenting U(1) symmetry, which means
that it describes a spin-zero charged particle. Hence, the KGO interacts electromagneti-
cally and its dynamics is modified in the presence of electric and magnetic fields, which are
known to be generated by astrophysics objects. In this context, we are interested in the
dynamics of the Klein-Gordon oscillator in a static cosmic string spacetime in the presence
of an electric and a magnetic field. The latter can be introduced through the minimal
coupling prescription, as usual in gauge theories (UTTYAMA, 1956; ACEVEDO R.R. CUZI-
NATTO; POMPEIA, 2018), but can also be interpreted as a parameter in non-commutative
geometry (CUZINATTO et al., 2022).

The implementation of potentials in the Klein Gordon field under the presence of
cosmic strings has recently become something of great interest, especially in the presence
of scalar potentials (MEDEIROS; MELLO, 2012). In this context, a simple potential that
incorporates both the Coulomb potential and the confinement potential is the Cornell

potential
Nc

S(p) = o tme (1.2)
where ne and np are constants. This potential is composed of a confinement linear term
plus a Coulombian-type term. The work (DOSCH et al., ) shows us that the minimal cou-
pling is not the only way to couple a potential, in particular to the Dirac equation. It was
suggested that the non-electromagnetic potential can be introduced though a modification
in the mass term as M — M + S (p).

Recently, a magnetic flux has been taken into account in the context of topological
defects (AHMED, 2021). The main reason is the interpretation of the effect generated
by the flux as an Aharonov-Bohm effect, a quantum phenomenon that describes phase
changes in the wave function of a quantum particle due to the presence of a quantum flux,

in this case produced by topological defects in space-time.

In this work, we analyze the Klein-Gordon Oscillator in a spacetime produced by an
idealized cosmic string in the presence of a constant electric field and a uniform magnetic
field. In order to develop this analysis, we separated in four distinct configurations for
the interactions fields: ) free particle, i) a constant radial electric field, i7i) a constant
axial electric field iv) a static angular magnetic field, and v) a static axial magnetic field

in the presence of an electrostatic and a scalar potential, and a magnetic flux.

We begin with a description of the spacetime created by the presence of a cosmic string,
finding the metric tensor associated, section 2. Then in the section 3, we developed
the Klein-Gordon Oscillator via a non-minimal coupling in the usually Klein-Gordon
Lagrangian density. We show that the KGO is invariant under global phase transformation
and how to preserve it under a local phase transformation by imposing an interaction

field, A, via minimal coupling. This invariance allow us to introduce the interaction
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field, electric and magnetic field, via gauge theory. The two configurations of the electric
field are analyzed in the section 4, the fields are introduced by minimal coupling and
the resulting equations of motions are solved and energy spectra are explicitly found
for the axial field scenario. The section 5 is related to the KGO in magnetic fields, two
scenarios are explored here, the magnetic field in the angular direction and axial direction.
For angular magnetic field, the equation of motion is presented and we use a numerical
method to find a general solution for probability density of the particle’s position. We
also show that the magnetic field configuration in the angular direction can be interpreted
as a non-commutative geometry. For the axial magnetic field, we introduce the Cornell
potential by making a modification in the mass term, we also introduce an electrostatic
potential and a magnetic flux via minimal coupling. The scenarios are analyzed with
each potential individually, the associated equation of motion is solved and the energy is
quantized. A mapping is also made for the case of the magnetic field with the magnetic

flux with non-commutative geometry.
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2 cosmic string

Phase transitions in gauge theories can lead to the spontaneous symmetries breaking
in the evolution of the Universe (KIBBLE, 2015). As we go back in time the Universe
becomes hotter and for a sufficiently large temperature, 7' > T,!, these symmetries can be
restored (LINDE, 1979). The phase transition at 7' = T, can give rise to some cosmological
consequences, some of them are a vacuum domain structures, as in a ferromagnet cooled
through its Curie point, which separates domains with different magnetization formation
of domain walls. As the Universe’s temperature goes lower than T,, the Higgs field ¢
obtains non-zero vacuum expectation value < ¢ >. In each region of space, the direction
of the < ¢ > in the manifold of degenerate vacuum states can be different, the topology
of the resulting vacuum structure is related to the topology of the manifold. The pos-
sible topological configurations that arise in the Universe’s evolution are domain walls,
strings and monopoles (KIBBLE, 1976). Our goal in this chapter is to describe gravitation

properties of a cosmic string in the framework of general relativity.

2.1 Energy-momentum tensor

In this work, we are interested in the macroscopic behavior in spacetime generated
by a stretched cosmic string in the z-direction. In order to construct it, we shall use the
energy-momentum tensor as a starting point. To do this, we need to find the tensor for a
thin string approximation. The stress energy tensor in field theory is defined as (LANDAU
et al., 1975)

oL ,
v @)\ _ sv
T/ = Z—a 50 (0u0") — 84L, (2.1)
where L (gb(i); 8,@(")) is the Lagrangian of the theory and the summation is taken over all
fields ¢®.

Our interest is in a macroscopic effect of the string. So it is reasonable to approximate

it by an infinitely thin curve. Let us consider a static string parallel to the z axis in a flat

LT, is the critical temperature.
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spacetime, the energy-momentum tensor can be written as

TV (2,y) = 6 (x — a) 6 (y — b) / TV () di'dy, (2.2)

where, z = a and y = b is the position of the string, and ¢ is Dirac delta distribution.

Assuming that all the fields ¢ are functions only of 2 and y, from the definition 2.1

we See
Ty =13, (23)

since the stress-energy tensor is invariant under spacetime translation (SCHWARTZ, 2013),
it means that the divergence of the tensor is zero, in our case we can express it in terms
of the partial derivatives as

0, T/ = 0. (2.4)

0

Considering a perfect fluid, in this case, T: has only diagonal components. Therefore,

for the spacetime index p =1 and p = 2:

0T} =0 — T} = const; (2.5a)
0T =0 — Ty = const. (2.5b)

We desire that the stress-energy tensor vanish at the infinity, * — +o00 and y — 400, we
conclude that T} = T§ = 0. Thus, the general form of the energy-momentum tensor of a

homogeneous cosmic string is as follows:

T (z,y) =6 (x —a)d(y — b) 7 (2.6)

o O O T
o o o o
o o o o

—-Pp

where p is the linear energy density and p is the pressure in the z direction. The specific

case where p = —p, string vacuum (VILENKIN, 1981), T ;. has the form

T (z,y) = pd (x —a) 6 (y — b) (2.7)

o O o =
o O o O
o O O O
= o O O

We can also calculate the trace of energy-momentum tensor,

T(x,y)=06(x—a)d(y—0b)(n—p). (2.8)
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2.2 Weak-Field Approximation

Just as Maxwell’s equations govern how the electric and magnetic fields respond to
charges and currents, Einstein’s field equation govern how the metric responds to energy
and momentum (CARROLL et al., 2004). Therefore, to find the effect due to the string,
we must solve the field equations proposed in 1915 by Albert Einstein (EINSTEIN, 1915),
that can be written as )

R,uu - éguuR = XT;wa (29)
where g, is the metric tensor, R,, is the Ricci curvature, R = ¢g"" R, is the trace of
R, and it is called scalar of curvature or the Ricci scalar, x is the Einstein gravitational

constant and T}, is the stress-energy tensor.

As our aim is to find the metric generated by the presence of a static cosmic string
in the z-direction, we need to solve the Einstein field equation for the energy-momentum

tensor found in the previous section, Eq. 2.6.

For weak fields, an interesting approach is to rewrite the metric tensor, g,,, as being
a Minkowski metric 7, plus a small perturbation term h,,, where |h,,| < 1. Thus, we

can represent the metric tensor as

Guv = Nuv + h;uu (210)

and Eq. 2.9 can be written as (SABBATA; GASPERINT, 1986)

DO | —

1
(V2 _ 83) hy, = 81 <770VT; — éanT> , (2.11)

with the harmonic coordinate conditions (also called harmonic gauge and Lorenz gauge)

14 1 14
d, <hu - 5@/1) — 0, (2.12)

where T" and h are the trace of T}, and h,, respectively.

In this work, we use the natural units (Planck units), that means
c=h=G=1, (2.13)

where ¢ is the speed of light, & is the reduced Planck constant and G is the gravitational

constant.

Since 1), is a diagonal matrix, we only have four non-zero fields equations. Substituting

the energy-momentum tensor of a homogeneous static massive cosmic string, Eq. 2.6, into
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Eq. 2.11, we obtain

5V oy = —4m (x — ) 6 (y — B) (1 + p): (2.14a)
SV%hiy = 4w (x —a) b (y — b) (1~ 1) (2.14b)
SV has = —4m8 (x — ) (y — b) (1~ 1) (2.14¢)
5 V2hss = b (2~ a) 5 (y — b) (1 + 7). (2.14d)

As we have a static cosmic string, the perturbation does not depend on time and therefore
the time derivative in the Eq. 2.11 vanish. However, instead of working directly with these

expressions, we shall consider summarizing the equations as

V?hi =aid (x —a)d(y—>b), i=0,1,2and 3, (2.15)

with
ap =as = —8m (u+p), (2.16a)
a; =as = —8m(p—p). (2.16b)

In order to solve the Eq. 2.12, we can rewrite it in polar coordinates:

=a;0(r), (2.17)

12 Ohi; n i(??hn
ror " or rZ 002

where 7 = \/ (z —a)® + (y — b)*. Considering that the perturbations is a function only of

the radial coordinate, we have

10 [ Ohy\
~ <r o ) = a;0(r). (2.18)

For r # 0, this is a Euler—Cauchy differential equation (KREYSZIG, 2010), the solution for
this problem are well known but for the sake of completeness we are going to develop it.

We seek to solve this problem using a Green’s function G that satisfies

%% G%) —0, hu(r) = / G (r,70) 8 (ro) dro, (2.19)

for r > 0.

The approach to find G is to multiply by r and then integrate both sides of the equation

in relation to r. So, we get

oG A

or r’

(2.20)
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where A is a constant.

This is a separable ODE and the solution is as follows:
G(r)=Alnr + B, (2.21)

where B is a constant.

Now, our goal is to find the constant A. Therefore, we go back to the Eq. 2.19 and

calculate an integral over a disk D, of radius ¢,

/ / V2GdA = / / 03 (r) dA, (2.22)

on the left side we use the Divergence Theorem to rewrite the divergence integral over the

disc in term of the integral on the disc boundary,
/ / V(VG)dA= | VG-ids, (2.23)
€ CE

where C; is the boundary of the disc D,, that means that C. is a circle of circumference

2me. So we can develop Eq. 2.23 as

/ 6G-ﬁdsz/ G
2 C. d’f’

The right side of Eq. 2.22 is

as = [ 2as—ora (220

=& CE €

// a;d (r)dA = a;. (2.25)

Using the results 2.24 and 2.25 into Eq. 2.22, we can find the constant A,

d
dS = — (Al B
_ S /CE dr( nr+ B)

a.
A=-", 2.26
2T ( )
and defining the constant B as B = —AInrg, where rg is a constant, which we can set to

be equal to the radius of the string (VILENKIN, 1981). Thus, the complete solution can

be express as
G(r)=—In—. (2.27)

Using the Eq. 2.19, we can write the components of the perturbation term as

hoo = hgs = —4 (p+p) In TL, (2.28a)
0
T

hll = h22 =—4 (,u - p) In —. (228b)

To
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For a vacuum string, ¢ = —p (VILENKIN, 1981) and

hoo = hss =0, (2.29a)

h11 = hgg = —8M1HTL (229b)
0

Writing the Minkowski metric 7, and the pertubation A, in the cylindrical coordi-

nates, we can use the weak-field approximation, Eq. 2.10, to find the metric

-1 0 0 0
0 1—8ulnt 0 0
v) = v) + (hw) = " ’ 2.30
) =)+ ) = | 0T o] @
0 0 0 1
and the line element associated with the presence of the cosmic string is
ds* = —dt* + (1 — A) (dr® + r*d¢?) + d2?, (2.31)
where A = 8uln (r/rg). Introducing a new radial coordinate p as
(1—A)r* = (1 —8u) p* (2.32)
In order to take its differential, start by rewriting Eq. 2.32 as
1 —8uln L)
7 ( 2L = 2 (2.33)
(1—8u)
Now we use the approximation = ~ 1+ z, < 1. Then
. 2
r? (1 —4pln — + 4u) ~ p* (2.34)
To

Note that the term in parenthesis can be expressed as below if we consider the linear order

of approximation:

r? (1 — 8uln L 8,u) ~ pP. (2.35)
To

Considering that terms proportional to u? are ignored since they are of second order

compared to those linear in yu, the following equation is valid

2
r? (1 — 4 1n Ty 4,u) ~ p* (2.36)
To
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- (L_4M (Lmi_i)) ~ . (2.37)
To o To To

and we use the following result

Rewriting it as

xlnx—x:/dwlnx, (2.38)

/ (1 ~ 4uln 1) dr = p. (2.39)
To

In particular, when z < 1 we have /1 —2 ~ 1 — $ (recall that we are using the

we obtain

approximation h,,, < 1). For the present case:

/ \/<1 — 8uln %) dr = p (2.40)

and the following result is obtained

(1—A)dr?* = dp*. (2.41)
Applying this result in Eq. 2.31, we obtain
ds* = —dt* + dp* + o p*de* + dz?, (2.42)

where o = (1 —4yu)®. This is the spacetime metric of the static cosmic string with
signature diag(—1,1,1,1) in cylindrical coordinates (t,p, ¢, z), where p € (0,00), ¢ €
[0,27], z € (—o0,00), and parameter « is related to the deficit angle and it obeys a =
1 —4p € (0,1], p is the string linear mass density. The matrix form and the inverse of

the metric tensor are

-1 0 0 O -1 0 0 0
0O 1 0 O 1 0 0
J) = — L , 2.43
(gli ) O 0 anQ 0 (g ) 0 O a21p2 0 ( )
0O 0 0 1 0O 0 0 1
and its determinant is
g = det (g) = —a*p”. (2.44)

The presence of the cosmic string does not describe an Euclidean space, since the angular
coordinate, ¢, used to make a complete turn from 0 to 2w, however, the presence of the
string causes the angular coordinates changes from 0 to 27 (1 — 4p). The angle is changed

by a deficit angle, § = 27 (1 — «), which is related to the string tension (ZWIEBACH,
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2z~ ey

(a) (b)

FIGURE 2.1 — (a) The complex plane, z = x + iy, cut by the region 0 < arg (z) < 6. (b) The cone create
by the identification z ~ €*z.

2004). Such space can be called conical since the string runs along the apexes of the
cones. This can be seen in the construction of a cone from the plane. If we use the
complex variable z = x + iy to represent the plane, the cone appears cutting through the
region 0 < arg (z) < 6, see figure 2.1(a), and identifying the resulting boundaries through

ZNGZQ

z, as showing in the figure 2.1 (b). For e = 1, that means u = 0, we do not have
a string in our background and the metric becomes the Minkowski metric in cylindrical

coordinates.

An interesting aspect about topological defects is that the presence of them do not play
a role in the spacetime curvature. They do not create a gravitation field, since they are
defects in the topology of spacetime. In particular the cosmic string create an azimuthal
deficit angle related to its tension. Now we are going to explore the curvature tensor
generated by the cosmic string metric and show that geometry is locally flat/pseudo-

Euclidean.

In General Relativity (GR), the object that tell us about curvature is the Riemann

?, also known as the Riemann-Christoffel curvature tensor (WEIN-

curvature tensor, R, *,

BERG, 1972),
R, = 8,10, — 0,17, + e, —181° (2.45)

vp— af ap™ vB?

where g,,, is the metric tensor and I',,* are the Christoffel symbols defined as

1
F,uz/p = Qgpﬁ (al/gﬁu + 8#961/ - aﬁQ;w) . (2'46)
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The curvature tensor has some symmetry properties over its indices, as shown below

R/,waﬁ = - R,u,uﬁa, (247&)
Ruyaﬁ = Rl/p()zﬁ, (247b)
Ruuaﬁ :R;wazﬁ- (247C)

These symmetry properties help us to calculate all the components of the tensor.

The contraction of two indices of the Riemann tensor define a new tensor called the
Ricci curvature tensor, R, = ¢°*Ryau, of which we can also contract the indices and

obtain the scalar curvature (Ricci scalar), R = g R,,,.

Here, we will calculate the Riemann tensor using g,,, generated by the presence of the
cosmic string, Eq. 2.42. First, we calculate the Christoffel symbols using 2.46 and the

only non-zero symbols are

I,,' = —a’p, (2.48a)

1
nfzgfzz. (2.48b)

R, =0, (2.49)

for all values of the space time indices «, v, p and p.

The Riemann tensor vanishes, hence the presence of the string does not bend the
spacetime, it still has a flat geometry. As a consequence of 2.49, the associated Ricci

tensor, R, , and the Ricci scalar, R, are also equal to zero.
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3 Klein-Gordon Oscillator

This chapter is dedicated to study of the Klein-Gordon Oscillator (KGO) in a cosmic
string background and we briefly introduce gauge theory. This chapter is organized as
follows. We start by developing the Klein-Gordon Oscillator by applying a coupling
and then the KGO equation on a cosmic string spacetime is solved. An introduction
to the gauge theory developed by Utiyma explains how to preserve the invariance of a
system of fields ¢® (x) under a local transformation, and we show that it is necessary
to introduce a new field A, (x) to maintain the invariance. This auxiliary field interacts
with ¢ as manifested by the covariant derivative V,¢. We then show the invariance of
the KGO under a global phase transformation and how we preserve it for a local phase

transformation by introducing the gauge field.

3.1 Klein-Gordon Oscillator

In this section, we are going to introduce the Klein-Gordon equation, a relativistic wave
equation that describes spin-0 particles and antiparticles with charge, and then we shall
introduce the oscillator term in the momentum by applying the non-minimal coupling in

KG equation.

The Lagrangian for the complex scalar field ¢ (z) on a curved spacetime is

L=V=g(~9" 0,4 0 —m*P*), (3.1)

where ¢" is the inverse of the metric tensor, g is the determinant of the metric tensor

and m is the field mass. Using the Euler-Lagrange equation for the ¢* field, given by

oL oL
% (a@m*)) “aur " (3.2

we can find that the equation governing the massive scalar field has the form

(s 00 )00 =
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this is known as the Klein-Gordon equation. It is relativistically covariant and it has
solution that we expect for a free relativistic particle in Minkowski spacetime. We expect
the time dependence to be like exp (—i€t), where £ is an eigenvalue of the Hamiltonian,
and the spatial dependence to be a plane wave, exp (ip’- ¥) for momentum p’ (SAKURAL
NAPOLITANO, 2020).

The equation for the Klein-Gordon Oscillator is obtained from the KG Lagrangian
density, Eq. 3.1, by applying the non-minimal coupling (MOSHINSKY; SZCZEPANIAK,
1989; BAKKE, 2013; NEDJADI; BARRETT, 1994; CUZINATTO et al., 2022)

the KG field has a mass m and the oscillator’s frequency is denoted by wg. Hereafter, we

use cylindrical coordinates and set

7= pé,+ zé,. (3.5)

Since the momentum operator in quantum mechanics is p; = —i0; (j = 1,2, 3, respec-
tively for p, ¢ and z), we can rewrite the expression 3.4 as —i(V £ mwyr), where + applies

to ¢ and — for its conjugate. Therefore, we make the following prescription:

0, = 0, £ mwyp, (3.6a)
0, — 0, = mwyz. (3.6b)

By making this transformation in the Lagrangian density 3.1, we obtain the Lagrangian

density of the KGO in a curved space-time,

L=—+—g [90080¢*30¢ + 911(81 — muwop)P* (01 + mwop)y + 92282¢*32¢
+¢% (85 — mwoz)y* (05 + mwoz)Y + m*Y ] . (3.7)

Applying the metric 2.42 and its trace, Eq. 2.44, into 3.7, we find the Lagrangian density

of the Klein-Gordon Oscillator in a cosmic string spacetime:
L :Oéﬂ(atlﬁ*@t@b) - &P(apW pw + mwop¢3p¢* - mwoﬂw*apw - m2w§,02¢*¢)
1
— a_p (0% 0p10) — ap(D* 0,10 + muwozh.* — m*wi 22 ™ — muwyzp*0,1))

— apmP*p. (3.8)
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The associated equation of motion for the complex field is

1 1
—07 + ;8,@ + 050 + 3mwetp + 2mwopd, i + az_pza¢2>¢

+02 + 2muwoz0,) — m*Y + mPwip*Y + mPwiz*Y = 0. (3.9)

Our goal is to solve this equation, we start by proposing a separate solution as
W(t,p,0,2) = T(t)R(p)P(p)Z(z). Applying in the equation and dividing by TR®Z,

we get

1 1

1, 1, 1 1 ,
fatT — EapR — p—R(?pR — 2pmw0E8pR — 042_p268¢q)

1 1
—2832 - 2mwoz§8ZZ — p*mPwi — m*wiz? — 3mwy +m* = 0. (3.10)

In order to obtain an temporal independet equation, we propose the following ansatz
T(t) = e, (3.11)

where £ is interpreted as the energy. Applying this ansatz in the Eq. 3.10 we perform

separation of variables in the spatial part

1 1

1
—— 030 — ~0%Z
a2pr ® 9 Z*

1 1 1
2 2
—& — EapR — p—RﬁpR — meW()EagR —
1
—QmwozZ@Z — pPmPwi — m*wiz* — 3mwy +m? = 0. (3.12)

The solution to the equation is constructed by imposing the following ansatz for the

angular part,

d(p) = e, L=0,+1,+2,43, ..., (3.13)

where L is the angular momentum. Its quantization comes from the boundary conditions

upon the angular part. By substituting 3.13 into Eq. 3.12, we obtain

—52—182R—L8 R — 2pmw l@ R—l—L—Q—lazZ
R’ pR™" PR O o?pr 77
1
—2mw022822 — p*mPwi — mPwiz® — 3mwy +m* = 0. (3.14)

By imposing a separation constant k, we see that this equation decouples into a part
dependent on z,
1 1
—Eaﬁz - QmwgziazZ — mPwiz® = 2mk, (3.15)
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and a p-dependent branch

1 L?
. —82R — p_Ra , R — 3mwy — 2pmon8pR+ i pPmPwi +m?+2mk =0, (3.16)

where k is a constant resulting from the separation.

Lets start analyzing the z-equation. It is convenient to define the dimensionless vari-
ables ( = \/mwyz and the Eq. 3.15 becomes

2k
RZ+200.7 + <c2 + w—o) Z=0, (3.17)

which the solution is
2 {2k 2 P
Z(¢) = Are” T VI 4 Ape T TWITE (3.18)

where A; and A, are constants to be determined by the boundary conditions.

Now our focus is on the radial Eq. 3.16. The idea is to propose an ansartz that leads
us to a known equation. But first we start as was done for the axial part, introducing a

new dimensionless variable £ = /mwyp, so the equation becomes
252 R 3 L? 2 ﬁ
—E0;R — (£ +26%) OcR + ——5 +5 R=0, (3.19)
Wo

where 8 = (—3mwy — E* + m? + 2mk). We then propose the following form for the radial

function R
2

R(€)=e TF(§). (3.20)

Now our search is for the unknown function F' (§). Calculating the derivatives we get

8§R = 6_§ (8§F — fF) N (321&)
R = e (fF — 260 F — F + &°F) (3.21b)

By substituting these expressions into Eq. 3.19, it becomes

8§F+%8§F+ K b +2) +L—2i} F=0. (3.22)

mwo 2 52

This is a Modified Bessel’s Equation (BUTKOV, 1978), which is related to the Bessel

equation via the change of variable

. (3.23)
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The first and second derivatives becomes

O =1 (i + 2) Oy, (3.24a)
mwo

5 2

0 = — ( - 2) o2, (3.24D)
mwo
Applying these modifications into 3.22, resulting equation is

1 I? 1
O2F + =0, F + (1 - —2—2) F=0. (3.25)

x a’x

This is the Bessel equation which appears in various physics problems, such as the solution
of the Laplace and Helmholtz equations in cylindrical coordinates, solving the radial part
of Schrodinger equation in spherical and cylindrical coordinates for the free particle, etc.
It has the solution given by Bessel functions of the first kind J, (x), and the second kind

Y, (x), usually called Neumann function, as
F(z) = BiJs (z) + BoYs (2), (3.26)

where By and B, are constants.

Now using 3.20, 3.23 and 3.26, we can write the solution for R (§) as
R(€) = Bie™ 7 Ju (aef) + Bae™ T Vi (af) (3.27)

where By, By are constants and the new parameter «.. is

2
ac—\/l+ & _m_ 2% (3.28)

Our solution is a composition of a Gaussian with a Bessel function, J,, and a Gaussian
with Neumann function, Y,. It is known that Y, (x) is singular at the origin, £ = 0, so we

discard this solution imposing By = 0. Our final result is

R(€) = Bie % Ji (acf). (3.29)

In quantum mechanics, for a particle confined in a infinite spherical well, we can
find the energy quantization imposing the wave function to be zero at the boundary and
finding the roots of the Bessel Function. Here we can do the same. We shall impose that

the wave function is zero for & — oo, the strategy is to define a finite radius py, where
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Y (t, po, ¢, ¢) = 0. Then we will take the limit where this radius goes to infinity. Therefore

&
R (po) = Bie™ =2 Jr (aepo) - (3.30)
Let jr, be the p root of Bessel function and our boundary is at the radius po, so

Bie T J. (jép) —0, (3.31)

Comparing 3.30 with 3.31, we must have a.pp = jr,. Since the energy £ is in a., we can
find it explicitly as
2
JL
E£2, =m* — muwy + 2mk £ muwo—2-. (3.32)
0

For the boundary in the infinity we have py — +00, so the energy becomes:

EF = m? — mwy + 2mk. (3.33)

3.2 Gauge Theory

In this section, we briefly review the gauge theory for semi-simple Lie groups as elab-
orated by Utiyama in (UTIYAMA, 1956). This is a importance section, since the electric

and magnetic field in the following sections will exploit results described here.

Lets start with a first order Lagrangian density Ly (z) = L [¢?; 9,0?] (z) of N free
matter fields ¢* (x), (A =1,2,---, N), defined in a region 2. The field equation is
0Ly

0Ly B
5ot~ Ongiagm = (3.34)

Let us postulate the action

Slg] = /Q d*z Ly (1), (3.35)

which is invariant under the following global infinitesimal transformation

¢t — ¢ + 5o, (3.36)
5t = €13y po”, (3.37)
where €% is an infinitesimal parameter independent of x, (a = 1,2,--- | N), and [ (af)‘ g a

constant coefficient. We say global transformation because the parameter ¢* does not

depend on the spacetime point.
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The symmetry Lie group is described by a set of constants f,°. called structure con-

stants that are defined by the commutation relation between the group generators I, as

below
A C
[[(CL)’ [(b)} B I(aj? CI(b?B - [(b?C[(a§B = fa b[(cl)4B' (338)
The constants satisfies
fayzfmlc+fbnclfmla+fcrg mlb:07 (339)

which follows from the Jacobi identity
@ Iwy) > L) + oy Lo L] + [ Iw] » In] =0, (3.40)

and they are antisymmetric in the lower indices
facb = _fbca' (341)

The group G,, is an abelian group if its structures constants are zero, f, = 0, that
means the commutator 3.38 is equal to zero. On the other hand if f,9 # 0, the group is

called non-abelian.

Supposed that the action S is invariant under the infinitesimal transformation de-
scribed above in any domain of €2, the variation of the Lagrangian density must be equal

to zero,

0L 0L

_ A, kM A
= 5t + — )
DA ¢ d( M¢A) ( ¢ )
0Ly 0Ly
e, + ——c¢ Ia 0 3.42
8¢A ng ( uch) (a) B #¢ ( )
using the Leibniz rule in the first step of the equation above, we get
oLy oLy } { oLy }
— =0 o 4] 3.43
00t~ 5 0,0m) " O 53,09 (349)

The term on the left must vanish, so we get the Euler-Lagrange equation and, in the term

on the right, we have the conserved current,

[ [
9,J", =0, JH 8(8M¢A)5¢ . (3.44)

Now lets extend our study to the group G, a more general group in the sense that
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the parameters €* are exchanged for a set of arbitrary functions €* (z), G, is called a

local group. The transformation is as follows:

¢t — ¢ + 597, (3.45)
3™ = € (x) Iy po”, (3.46)
where € is an infinitesimal function of x, (a = 1,2,--- ,N), and [, (Cf)‘ 5 a constant coeffi-

cient. The associated Lagrangian density variation is

0Ly
- S
0Ly

A, OLu A
0¢p +8(8M¢A)6(8“¢ )
A 0Ly A
5"+ g (56%)
0L

- € (I) ](a)AB¢B + —8 (a ¢A) (aﬂﬁal(a)AngB + GQI(a)ABaM¢B)
w
oL oL
A M A a M A a
= [Gor @5 GG @ BMB] 7 [W% 50" | O, (347)

0L

Note that the term with € is the same as showing in the Eq. 3.42, so from the hypothesis
that the Eq. 3.42 is valid, we have

. 6£M A B a
(5£M = |:a (a“qu)I(a) B(b :| aHE . (348)

Then, the variation L), is nonzero for the local group G, since the Lagrangian density
always has a kinetic term, the derivatives of €%(x) are non-zero and the generator [ (a)AB

are also non-zero. One way to force 0L, = 0 is introducing a new set of fields
A7 (z), J=1,2,---, M, (3.49)
which transform as
547 (2) = € (2) Uy 7 AX + ﬁcj e () (3.50)

in such a way that the term in 3.48 is canceled. In Eq. 3.50, g is a parameter that
characterizes the intensity of the dependence of the fields A’ on the derivatives of the

parameters and the coefficients U and C' are constants to be determined.

Inserting the fields A7 in the Lagrangian density, it becomes

L'y (z) = Ly [0 00" A7] (), (3.51)
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and the action
S'[p, A] = / d*z L, (). (3.52)
Q
Suppose that L), is invariant under the G, that means

= 9ga 0" 5igen” )+ Garth
%fbj\: ay a)AB¢B + % (aueaj(a)AB¢B + 6aI(a)ABaf‘gﬁB)
G (et 45010
B@f w0 50" + ?LZA)[(a)ABaﬁB Z% U "sA" | €
Bl + s O ] =0 (3'53)

This results in a system of equations, since there is no relationship between €¢* and its

derivatives, we can write

oL M g
¢A (a

0Ly
0 (9u0%)

0L
0A7

B¢B [(a)ABau¢B U(a KAK =0, (3.54)
0Ly 1

oL
oy 80"+ AT

a(auqu) (a)

We remember that the indices in the system of equations assume the values: J =

o7 k=0, (3.55)

1,-++, M (number of components of the gauge potential A); p = 0,1,2,3 (the four coor-
dinates of spacetime); a = 1,--- ,n (number of parameters of the gauge transformation

€). We can write the Eq. 3.55 in the matrix form as

_OLn I A ¢B 0L
(809 (1) B 1 QAT
: + = <Cl . CM> : =0, (3.56)
g Anx M
_OLm [ A ¢B 9Lum
3(93¢4) " (n) B 4nx1 0A7 /' Mix1

where each C7 is the column with 4n elements C7 #. In order to the system can be

determined univocally, the matrix [C],, . ,, must be square and invertible, so we find that
dn = M.

From the inversibitlity condition of [C], ., we infer the existence of the inverse
a

matrix [C'],, ,, with elements (C1), 7.

Now we define the gauge potential A%, () to the parameter €* () as

A" (r) = (C”l)u ZAJ (x), (3.57)
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which is a vector. We can write the auxiliary field in term of the gauge potential as

Al (z)=C7 FA®, (2) (3.58)

Now let us find the derivative of the Lagrangian density with respect to the gauge

potential. Therefore, using the chain rule and Eq. 3.58 we obtain

0Ly 0Ly OA7 0Ly O T v oAb 0L g s OLy g
= = VA YoHY) = K, .
0As, ~ DAT 9Ae, ~ DAT DA, (CT7A% @) = G €0t = G e (399
We can rewrite the Eq. 3.55 with the above result as
0L A4 .5 . LOLy
—1 + - =0. 3.60
) (a,quA) (a) ng q aAaM ( )

This equation is satisfied if the dependence of £}, with 9,¢* and A?, occurs through the

relation
Vot = 0,0% + gA® 1 ' 50", (3.61)
which is called the covariant derivative.

We can define a new Lagrangian density that depends on the covariant derivative
Loy [0 0,0 A%] = L5 [0 V,ut?] (3.62)

Let us explore this new Lagrangian density by calculating its derivative in terms of the
fields ¢4 and the gauge potential A?, in order to check whether 3.60 is satisfied.

The derivative of £, with respect to the ¢ fields can be developed as

oL, oLy, 0 (V.eP) oLy, 0 B b B C
— = al, - A l/‘[
8(6,@‘4) d(V, ¢B) (0,04) d(V,0B) a(aquA) ( ¢ 9 (b) c® )
0L gusp— Ol (3.63)
0(V,08) " F 9 (V,6h) |
and its derivative with respect to the gauge potential A?, can be expressed as
oLy, oLy, 0 (VueP) LY d B b 1 B ,C
A, 0(V,9PB) 0A, 0(V,¢8) 8Aau (8”¢ 94" Ly ¢ )
oct, oLy,
— —5u5b I ¢ B_4C. 3.64
5v.07) 000 e = 1,y e .


Mobile User


CHAPTER 3. KLEIN-GORDON OSCILLATOR 38

Applying 3.63 and 3.64 into the relation 3.60 and changing the dummy indices we get

0L 4 5. 1OLy 85& A B 8£’](/[ A B
—[a _.I_ —_ = ] a e ——— 8 — O 365
(9((9M¢>A) (@) 5% g@A“M 6<VM¢A) (@) 8¢ 0(VM¢A) (@) 8¢ ( )

Thus, the equation is satisfied.

Now let us express 647, Eq. 3.50, in terms of A?,. To do this, we substitute the
definition of A7, Eq. 3.58, into Eq. 3.50 and we obtain

1
(SAJ = GaU(a)J KAK + ECJ 5au€a,
J ppa a J K pogb 1 J a
sle’ pan] = ey (C bAH>+§C PO,

(C71); 8107 2an) = (O, et (CF00) + (€7, 07 ke

C

§(8105A%) = ¢ (C7N° Uy’ xC5 1A, + gafj(sgauea,

v J
1
514‘31/ — GGS(a)C;ubAbu + anec. (366)
where
Sw o's=(C71), , Uw'kC"" (3.67)

This definition switch the problem to finding U, (a)J « and C™,* to seck for S(a)c Iy

To confirm the invariance of L, [qﬁA; VQSA} under the local transformation 3.45, let us

calculate its variation. Applying the variation operator ¢ to £, we get

0Ly
=G

S + _OLw s (V,.0"), (3.68)

O 3 (V%)

using the equations 3.46 and 3.66 we can express (VmbA) as

I
SRS

0 (VM¢A) (8M¢A - 9Aau](a)AB¢B>
(0:0") — 90A" 110" 50" — g A", 1) 500"

1
auGGI(a)AB¢B + Ga[(a)ABau¢B - gf(a)AB¢B (665@)&;1)141)” + 58#5“)

= 9A" o (€' Ty o)
= (1" 50u0" = 9A* Ly c1 .S 507 — 911 50" Sy v A",) €
+ (Lo 507 = 11007 Ope”. (3.69)

Note that by introducing the auxiliary field A7, the term of the derivative transformation
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parameter disappears as desired. From Eq. 3.38 we can write

A A A C cT A
Iyl 5 =1 ey s — Uy I 5 = 1y oy 8 = Fa 1) B (3.70)

Therefore, the non-zero term in 3.69 can be expressed as

3 (V") = (10" 50u0" gAb (Ioy"clia) 5) 87 = 911 50" St v A”)) €
= (Ia)'50u0" — 9A°, (I o1y 5 — Ta b](c) 5) o7 — gI(c) A0Sy LAY, €
= [(aﬂqu - gAbuI(b?CgbC) I(a)AB + (facb(SZ - S(a)cuy b) gAbul(c‘?quB} Ea' (371)

We can identify the covariant derivative and write the Eq. 3.71 in the following compact

form

0 (Vo) = Lioy'5 (Vud®) € + (1,50, — S ) 9A° 15 po 7. (3.72)

Here, the unknown S, v coefficients are determined in such a way as to nullfy the
last term, making explicit the covariant character of V,,, since it has a transformation law
with the same form as that presented by ¢*, Eq. 3.37.

0 (Vud?) = Iy (Vuo”) € (3.73)
The last important definition is the field strenght tensor F /‘jy, which is defined as
F“ =0,A;, — 0, A“ 9t CAbAC
= Al — 9, LAY AL, (3.74)

where A = 0,A7 &,AZ

This complete our section about the Gauge Theory. More could be presented about

the theory, but this is enough for the scope of this work.

3.3 Klein-Gordon Oscillator under local phase transforma-

tion

In this section, we shall explore the invariance of the KGO in a cosmic string spacetime
under phase transformation. We will see that the KGO Lagrangian density is invariant
under the global transformation but not under the local one. The local invariance is

restored by making a minimal coupling of the interaction field, the gauge field.
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We start by making the global phase transformation in the field as

U — e (3.75a)

v — e, (3.75b)

It is called global because the change of the phase parameter of the field is the same for all
points of the spacetime, A does not depend of the spacetime points. This transformation
corresponds to the group of the unitary matrices of dimension 1, U(1), which means
complex numbers of norm 1 or as we parameterized e”*, A is a parameter to describe the

elements of the group and A € [0,27). U(1) corresponds geometrically to a circle, and

multiplication is equivalent to adding the rotation of an angle A around the circle.

Applying the transformation 3.75 in the Eq. 3.8 we get a new Lagrangian density
denoted by £/,

£ =ap(@u(*e ™Maupe)) — ap(@y('e M), (e™) + mwopwe" )0, (e ™)
— munp(e M0, (be'd) — mPwlpA(urte M) (get)) — — @w* “M)9,(e™))
— ap(0.(" e M), (e™) + munz(e)o, (vre ) - m%é (e ) (e
— meoz(8 e ), () — apm?(6e ) (e, (3.76)

Since the parameter A is independent of the coordinates (it is a global transformation),

the derivative does not act on it and we obtain

L' =ap(0*0pp) — ap(d,h* b + mwop O™ — muwoepd*Bph — mwip**)
- aip (051" 0p1p) — aup(D:4p*D:1p + Mgz 0.40* — mPwiz* Y™ — muwezip*9.1h)
—apm®p*p = L. (3.77)

Thus, the global phase transformation does not alter the Lagrangian density, which
proves the invariance of the KGO under this transformation. Now, our goal is to extend

this procedure to the local transformation

Y= zbe““”’”’z) (3.78a)
P — e Bro2) (3.78D)

The dependence of A on the spacetime points is explicit and the parameter changes for

each point. Making the transformation in the Eq. 3.8 we find a new Lagrangian density
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2
L7,

£ =ap (9 (677 04 (6)) — ap [9 (7e7) 3, (™) + manp (6) 3, (9™
g (¢ ) 0 () —u? (e ) (0] = (0 (67 ) 0, (0e)
a0 (8¢ ) 0 () iz (e 0 (17 — mi=? (1) ()
Sz (7 ) 0. ()] — apm? (1) (1)
(3.79)

With a few manipulation we can rewrite £” in terms of the original £ plus extra terms

related to the derivative of the transformation parameter A,

L" =L+ apdp io A — apip* 0 NOp — apinp* O Nid A — apdp*ihd,A
+ apip*0,A0, + i 0,Aipd,A — aip@¢w*iw8¢A + aipiw*a¢Aa¢w
+ aipi¢*8¢Aiw8¢A — apd Y i, A + apiyy* 0,0, + apih* 0, Ni0, A
— apmwozPi* 0, A + apmwyzy™id, A. (3.80)
Therefore, the KGO is not invariant under local phase transformation, since £” # L. To

make £ locally symmetric under 3.78, we will introduce a field A, called the gauge field

as described in the section 3.2.

Expanding the local phase transformation 3.78 into a Taylor series, we write the in-

finitesimal transformation as

eMp = h + A, (3.81a)
e~ = p* — iAY*. (3.81b)

Comparing them with 3.45, we can identify ¢ = A and [ = +i, where + (resp. —) applies

to 1 (resp. *). Calculating the commutator of the group generators I,), we obtain
oy, Iy)] = ii — ii = 0. (3.82)

That confirm the fact that U(1) is an abelian group and also mean f(csl , = 0, see Eq. 3.38.

The variation of the fields ¢/ and ¢* can be found using 3.46 and they are

5 = iAap, (3.83a)
T —— Y (3.83h)
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The gauge potential variation dA, can be written using 3.66,

1
54, = O, (3.84)

as well as the covariant derivative using the expression 3.61,

Vb =0 —igA, (3.85a)
Vot = 0" +igAuT, (3.85b)

and its variation is, by the Eq. 3.73,

6(Vuth) = iA(V 1), (3.86a)
WV, ") = —iA(V 07). (3.86b)

Here we have made the complete map between the phase group and the generic group

described in the previous section.

To make the KGO Lagrangian density invariant under local phase transformation,
we introduce the gauge field A, by making a minimal coupling, replacing the ordinary
derivative by the covariant derivative (0, — V). The covariant derivative for the 1 field

can be explicit written as

(Vo = 8 — igAw
Vb = 8, — igAp Vol =0 —igdy (3.87)
Vgth = 0y — igAyy

|Vt = 0.0 — igAuy

and for ¢*,
V™ = O™ +igAp”

Vo = O+ igAr 4 Y =0 Y S (3.88)

V™ = 0ptp* + igAg)*

Since we are working with an abelian group, the field strength tensor F},, defined in
3.74 is just
F,=0,A, —0,A,. (3.89)
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Making the minimal coupling in the Lagrangian density 3.8, we get

L =ap(V* V) — ap(V 0"V b + mwopthV , 00" — mwepty*V 1h — m*wi p* ™)
- aip (V¢¢*V¢¢) - Oép<vzw*vz¢ + mwozwvzw m2¢0322¢ w - mwozw*vziﬁ)

1
— apm?yY* — ZFWF“”, (3.90)

where the last term is the kinetic term associated with the interaction field A,. Analyz-
ing its variation under the local transformation U(1), we can write the variation of the

Lagrangian density explicitly as

8£ oL oL oL

L= oo G avie)) P e V) aE,

§F,,.  (3.91)

First, calculating the kinetic term 0 F),,, by using the commutation between the ordinary

derivative with the variation operator and Eq. 3.84, we obtain
1 1
0F,, =06(0,A,) —0(0,A,) = 8M§8VA — 8V§8MA =0. (3.92)

As the 0F},, vanishes, our analysis becomes the remaining terms of 3.91, expanding them

to all coordinates explicitly,

oL oL . or
P =G+ G+ ) e O (Tal) + e T,
+ a(vp¢*)6(vp¢ ) + —a(vw)a(ww) + —a(vw*)é(vw )+ Wé(vw)
oL .
o V) (3.93)

Using Eq. 3.90 and 3.86 into the above equation we get

oL = apmwopV b + apm?®wi p* b 1 — apmwezbV 0" + apmPw] 2yt

55
—apm*Y*ip) i 8 >
FapmRREY — apmdE ) NG + ap (V%) ik (Vi) — ap (V) iA (Vi)
—ap (V" —muwop™) ih (Vb)) + ap (V00 + mwoprp) iA (V,007)

— = (Val) I (Vo) + = (V) iA (V) = ap (V" =m0 i (V.0)

+ ap (V. + mwoztp) iA (V7). (3.94)

(apmuwopt™V ih — apm?wip® ) + apmuwozy* V.1
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With a few manipulations we see that all terms vanish,

5L = 0. (3.95)

In this example, we see that by introducing the auxiliary field A via minimum coupling,
the invariance of the Lagrangian density holds for the local phase transformation. This
will be useful in the next section where we introduce the interaction fields, electric and

magnetic fields.
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4 Electric Field

As little has been discussed about electric fields in the Klein-Gordon context, in this
chapter we decided to extend the study of this interaction field to the Klein-Gordon
Oscillator in a cosmic string background, exploring two scenarios with different types of
electric fields. The first scenario is a constant radial electric field and the second is parallel
to the string. For both systems, we obtain the equation of motion and their solutions, we

also quantize the related physical observables (energy, linear momentum, etc.).

4.1 Radial electric field

In this section we present the first physical environment under which we shall consider a
Klein-Gordon Oscillator. We introduce a vector potential associated with a static electric
field in the radial direction. We obtain analytical solutions of the corresponding KGO

equations.

A static radial electric field can be written as
E = Eé,, (4.1)

where Ej is a constant that define the field intensity.

Using the definition of Maxwell tensor, F),,, we can determine the vector potential

associated to the desired electric field. The Maxwell tensor is defined as following (GRIF-
FITHS, 2017)
0 —-E, —-E, —LE,
E, 0 B, —-B,
E, -B, 0 B,
E., B, -B, 0

Since the system under consideration has cylindrical symmetry, we have

Eac - _F01 - FIO - (aa:AO - atAl) ; (43)
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Ey = —F02 = F20 = (8yA0 — 8tA2) . (44)
Assuming that the gauge field has no time dependence, we get

8yA0 - Ey. (46)

The component A, that satisfy both equation is
Ay =B, +yE,. (4.7)

Using the Eq. 4.2 and the definition of F},,, Eq. 3.74, we can easily verify that A, only

create the £, and E, components. Analyzing each components we obtain

By = —Fyy = Fyg = 8,A3 — 0,45 = 0, (4.8)
B, = —Fi3 = Fy = 0.A, — 9,43 =0, (4.8b)
B. = —Fy = Fiy = 0,Ay — 0,A; =0, (4.8¢)
E, = —Fy = Fig = 0,40 — 8,A, = E,, (4.8)
E, = —Fy, = Fyy = 0,Ay — 0,Ay = E, (4.8¢)
E, = —Fy3 = Fy = 0,A¢ — 0,43 = 0. (4.8f)

As we are working in a scenario with cylindrical symmetry, it is convenient to rewrite

the vector potential in this coordinate system,

T = pcos o, (4.9)
y = psin ¢, (4.10)
and the field components are
E, = Eycos ¢, (4.11)
E, = Eysin ¢, (4.12)

where p = /22 + y? is the radial Euclidean distance from the z-axis to a point 7 and
¢ is the azimuth angle. Therefore, the vector potential associated with a static angular

direction electric field, can be written as

—

A = Eypé;. (4.13)

Note that we choose the Coulomb gauge, since A satisfies V- A = 0.

We consider the minimal coupling between the Klein-Gordon fields and the electro-
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magnetic fields by changing the ordinary derivatives to covariant derivatives as follows:

Vi = 0pp — igEopib, (4.14)

V™ = o™ +igEop*. (4.15)

This minimal coupling is described in detail in the previous section 3.2. The Klein-Gordon

Oscillator’s Lagrangian density 3.8 becomes:

L =ap ()" + igEopy*) (O — igEoph) — apdph*8pth — ap*mwgipdpi*
+ ap’mwot* O, + ap’mPwi ) — apd.ap*.4p — apmuwzpd Pt

1
PR+ apmenzy 0 — o (050°00) — apm iy, (4.16)
and the corresponding Euler-Lagrange equation is

1
02 — 2igFopdyy) — ; ) — 82¢ — 2pmwe0,1 — 3mweth — mPwsp*1
1

212 2
_g EOp w - Oé2p2

83,2& — 02 — 2mw 20,9 — m*wiz*p +m*yY = 0. (4.17)

Our goal is to solve this second-order partial differential equation. We use the separa-
tion of variables by proposing a solution as (¢, p, ¢, z) = G(t,¢)R(p)Z(z). The equation

of motion develops into

1 . 1 11 1 1

aafG — QZgEopaatG — ;EapR — }—%8§R — 2pmw0§8pR — m2w(2)p2_
1 1 1 1

G Ep® — aQ—;)Qaa;G — E@gZ - QmwozzazZ —m?wi2? +m? —3mwy = 0.  (4.18)

For the temporal and angular part, we propose the following ansatz,

G (t,¢) = e &1, (4.19)

where L = 0,+1,+2,43, ... is the angular momentum. Its quantization comes from the
periodic boundary condition upon the angular coordinate, ¢, and £ is interpreted as the

energy. Applying the ansatz above we find a time and angular independent equation,

11 1 1
_&? Z}_%apR — EaﬁR - 2pmw0E8pR —m’wip? — g*Egp?
L? 1 1
+—5 — E(‘?ZQZ — Qmu)OZZ(‘?zZ - m2w(2)22 +m? — 3mw, = 0. (4.20)
a?p

Introducing a separation constant k, this differential equation decouples into a p and z
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independent parts. The p-dependent sector is

2

1
{—8,3 - (; + 2pmwo) 9, — (M*wi + §°EJ) p* — 29EEp + +9| R(p) =0, (4.21)

a2p?
where v = —3mwy — £2 + m? + 2mk, and the z-dependent equation is
Lo 1 2 2.2
_EaZZ - QmwgziazZ — mwyz® = 2mk. (4.22)

First, let us focus on the axial equation. It is convenient to make the change of variables

that gives us a dimensionless coordinate, so we define ( = /mwyz and obtain

2k
RZ +200:Z + <<2 + w—) Z=0, (4.23)
0
which solution is , ,
_< _ 2k _ <o _ 2k
Z(C) = Are 7 V' Th 4 Aye 7 TV (4.24)

where A; and A, are constants to be determined by the boundary conditions.

Now, we concentrate our analysis on the radial equation. We can make a change of

variables similar to the previous one, £ = \/mwyp. The radial Eq. 4.21 becomes

[_32_<1+2€>05—(1+92E8)€2—29E05 §3+L2 | R(¢) =0.

+
£ m2w? (muwo)? a2 muwy
(4.25)

We propose the ansatz R (€) = & 011+€02¢5 B (€) where the constants by, by and bs are

1 gEO
bh==-(-1x:1=— 4.26
L ( meo) ’ (4.262)
29EE Eo\ !
b2:i< T S9%0 ) (2@'&) , (4.26b)
mwy MW/ Mwo mwo
L
by = —. 4.26
37 o ( c)

Then, Eq. 4.25 can be written as

F" (&) + (g +6+ §e> F' (&) + <§a£— q) F (&) =0, (4.27)
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where
L
y=2-+1, (4.282)
E,
e = j:QZM (4.28b)
mwo
1 L 29FoE Eo\ "
q::F<(—+—)(7 _ 9% ><zu> ) (4.28¢)
2 mwy  Mwy\/mwy mwy
2gF, Eo\ "
5:1L< 0 29Eef )(ig 0) , (4.284)
mwy  MwWoy/Mwy mwo

20E,6 \?* G?E? L E L
a:_i+( v 295 ) ( 15 ) +2—+2( 149 0’)(1+_).
mwo mwy  Mwo/Mwy m wo o mwy e’

(4.28e)

Note that Eq. 4.27 is the biconfluent Heun equation, BCH, (RONVEAUX; ARSCOTT,
1995). It has a regular singularity at £ = 0 and an irregular singularity at oo of rank 2
(ARRIOLA et al., 1991). The solution for this equation is described by a biconfluent Heun

solution, Hg:

F(é) BlHB(Q7 7775€£>+B2£ ’YHB(q_(1_f_}/)(s?@_'_(l_’7>€72_’776767£)7
(4.29)

where By and B, are constants.

We propose a power series solutions of Eq. 4.27 by means of the Frobenius method.
= ", (4.30)
n=0

where ¢,, are constant coefficients and r is natural number.

By substituting the series expansions into Eq. 4.27, we get

rlr—1+7] coé!
+ [cl (T+T2—|—7+77’)+CO(5T—C])}§T
+Z [(n4+24+7)(n+1+7)+7(n+2+7)] cr&™ "

+ Z (n+1+7)—q| ey &

—I—Z (n+r)+a)e,&" =0. (4.31)
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From the coefficients of £&"~! | we find two solutions for r,
r=0orr=1-—7. (4.32)
For £", we obtain
or —q
c = Co, 4.33
! r(1+r)—|—f_y(1+r)0 (433)
and the coefficients of £"*7+! lead us to the recurrent relation
[0 (n+1+7r)+4]
Cpt2 = — Cn+1
m+2+r)(n+1+7r)+7n+2+71)
B e(n+r)+a . (4.34)

m+24+r)(n+14+r)+7n+2+7)

The power series becomes a polynomial if there is a value of n, n = ng, such that the

numerator of the last term vanish,
e(ng+r)+a=0,

and

Cno+1 = 0.

So, the quantization conditions are

a/e = —no, for r =0,

y—ale—1=mng, forr=1-7%.

(4.35)

(4.36)

(4.37)

We will use this result to obtain the Heun polynomials and, consequently, the quantization

of certain physical observables. It is also common to see the biconfluent Heun equation

in its canonical form,

EF" (&) + [1+a—bE—28 F' (&) + !

4L+ 8]+ (9= a2 F(©) =0

(4.38)

We can easily make a map between the form of Eq.4.27 with its canonical form defining
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y=1+a, (4.39a)
§ = —b, (4.39b)
€= -2, (4.39¢)
a=(g—a-—2), (4.39d)
1
q= §[d+(1+a)ﬁ]. (4.39)
So the condition 4.37 becomes, as presented in (ARRIOLA et al., 1991),
—2—a=2ngy, forr=0,
g ° (4.40)

g—2+a=2ng, forr=—a.

The condition 4.35 leads us to the quantization of the constant k,

E, 1 L\?
K=+ 720 [2 <n0+—)+(—) ] - (4.41)
mwy 2 « wWo

where K is a dimensionless constant defined by

_ 2k

w (4.42)

but it is only possible if the Eq. 4.36 is also satisfied. Using the recurrence relation 4.34

to express cp,11, we have

[—(5 (n0+T)+Q] c
no+1+7r)(ng+7r)+5mo+1+7) "
5(710—1"‘7“)‘}‘5

— . 4.43
(n0+1+r)(n0+r)+§(n0+1+r)c°1 ( )

Cn0+1 == (

Imposing ¢,,+1 = 0, thus
[0 (nog+7)+4q]cn, —[e(no—1+7)+@]cpy_1 =0. (4.44)

From 4.35 we can find @,
a=—¢c(ng+r), (4.45)

and substituting in the Eq. 4.43,
(=6 (nog +7) + q] eny + €Cny—1 = 0. (4.46)

In our situation, there is not a general expression for the biconfluent Heun function for
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a generic ng. We have to solve it for a given degree of the polynomial considered. We
shall show that the condition for ng = 1, which corresponds to a linear polynomial, can

be satisfied by adjusting the parameter «, either the energy or the electric field.

For ng = 1, we have
[0 (14+7)+q]ci +eco = 0. (4.47)

Isolating C'y in Eq. 4.33 and substituting in Eq. 4.47 we get

or —q

—0(1+7r)+ +e=0. 4.48
-0l ) Q]r(1+r)+7(1+r) (4.48)
For r = 0, the above equation is
1 L 1 L\? 1 20E.E\? 9B (L 1
— =+ -+ — — v - + 4i —4+=]=0. (449
(2+a) * (2+a) g*E? (7 ./mwo) o <a+2) (4.49)

Here we have two possible approaches, the first and the most intuitive is to make

1 L

-+ —=0. 4.50

5t (4.50)
This choice is satisfies if L = —«/2. Since the quantization of the angular momentum

give us L € Z, the possible solution of this equation is for & > 1. On the other hand « is
defined as a = 1 — 4p € (0, 1], where p is the string linear mass density. The Eq. 4.50 is

only satisfied for a negative linear mass density. Therefore we discards this possibility.

A second approach is to find the energy, £, that satisfies this equation. This provides
a condition on the energy spectrum of the KGO:

E E2g? (24 2)E E
Erp = — 09 + 09 +20) Og\/ og + 2km + m?2 — 3muwy, (4.51)
y/ Mo \ 2L +3 mwo

E E2g2  (2+2i) E, E
Epp=——_ 4 |20f 20 Eog JET ot e — Sy, (452)
£/ MW \ mwo 2L +3 mwy

In the system without electric field, Ey = 0, the energy is

& = 2km +m? — 3muwy. (4.53)
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4.2 Axial electric Field

This section is dedicated to the study of the KGO under a static electric field parallel
to the cosmic string, an electric field in the z direction. We modify the Lagrangian density
of the KGO by introducing a vector potential associated with the axial field and analyze
its dynamics in a cosmic string spacetime. We introduce an electric field in the z-direction
as

E = Eyé,, (4.54)

where Fj is a constant. We can use the definition of the Maxwell tensor F),,, eq 4.2, to
find the components of the gauge field. The simplest vector potential associated with a

static electric field in the axial direction can be written as

A= Eyzé,. (4.55)

We consider the minimal coupling between the KGO fields and the electromagnetic
field by changing the ordinary derivatives to covariant derivatives (ACEVEDO R.R. CUZI-
NATTO; POMPEIA, 2018; UTIYAMA, 1956) as follows:

;

Vi = O — igEozip,

Vuth = 00 —igAup Vo¥ =0, (4.56)
Vo) = 0g1),
V=0,

)
Vip* = 0" +igEozy”,

. s Ve =0,
Vi = 90" +igA " ’ (4.57)
Vgb* = 0y97,
| Vv =00

The Lagrangian density 3.8 becomes:
L =ap (0" +igEo2)™) (0 — igEoz1b) — apOph™ 0,1 — apmuwopypOph”

* * 1 * *
+ apmwop* D) + capm®wi pP Y Y — o (D50 0pt)p) — upd.1p* 0.1

— apmuzpd.* + apm’wd 22 + apmuwnz* 0.4 — apmPyU, (4.58)
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and the corresponding Euler-Lagrange equation is

. 1 1
M) — 2igEy20p) — ;8p¢ — 831/} — 3mwo) — 2pmwy0, — oz2—,02 ((9;1#)

—02) — 2mwy 20,9 — g* B3 2% — mPwi p*h — mPwiz*h + m* = 0. (4.59)

In order to analyze the motion of the KGO, let us admit that the function, solution
of 4.59, has the general form (¢, p, ¢,2) = G(t,¢)R(p)Z(z). The equation of motion

develop into

1 11 1 1

1 1 1
2 : 2 2
Gé?tG — QZQE()ZEatG — pRapR — EapR — 3mwy — 2pmw0E8pR — a2_p2G (8¢G)
1 1
— E@zZ — 2mw02282Z — §PE32* — mPwip® — mPwiz? + m? = 0.

(4.60)

As we have done in the previous section, we propose an ansatz for the temporal and

angular part in the form
G(t,¢) = e /&1, (4.61)

where L = 0,£1,42, 43, ... is the angular momentum, its quantization also comes from
the boundary condition upon angular coordinate and £ is the energy. Using this solution

in equation of motion 4.60 we obtain
1 1 11 1
—E{)EZ — QmwozzazZ — PE2* — 29FyzE — ;ﬁapR — }—zf)iR

1 L?
—2pmw0E8pR — mPwip® + azr 3mwy —mPwizt +m® —E2=0.  (4.62)

Separating the radial and axial parts by introducing a separation constant k£ with units

of energy, the p-part is

1 L?
—9°R — (2pmwo + ;) O,R + ( —m*wip® — 2 — 3mwy +m? — k) R=0, (4.63)

a2p?

and the z-dependent sector reads
—027 — 2mwoz0.7Z — [(§°E§ + m*wy) 2° + 29Egz€ — k] Z = 0. (4.64)

Solving the radial equation, proposing R (p) = e~ 3mwor’ [ (p), we obtain

L2
a2p2

1
—92R — ;apR + ( + 5) R =0, (4.65)

where 8 = —k — £2 — mwy + m?.
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Note that Eq. 4.65 is the Bessel differential equation (BUTKOV, 1978). In order to

obtain its canonical form, we define

T = —Z'\/Ep, (466)

In term of the new variable we get the ordinary Bessel differential equation

L2
220XF + 20, F + ( 2 — —2> F=0, (4.67)
«Q
which solution is
F(z)=B1Jc (z) + BY (2), (4.68)

where By and By are constants.

As mentioned in the section 3.1, J, is the Bessel function which is non-singular at the
origin and Y, is the Neumann function, which diverges in the limit p — 0 and therefore

we choose By = 0. Finally, the general solution of p-dependent part is

R(p) = Ble_%mw(”ﬁjé (—ip\/B) : (4.69)

The series expansion of J, (x) around = = 0 is found by the Frobenius method and gives

e (_1)" T\ 2n+a
Ja (@) = Z n!l' (n+a+1) (5) ’ (4.70)

n=0
where I' (z) is the gamma function (ARFKEN et al., 2011).

The quantization of the energy is obtained imposing the wave function is zero for
p — oo. The strategy is to define a finite radius pg, where 9 (¢, po, ¢, z) = 0. Then we will
take the limit pg — oco. From R (py) = 0, we have

cle’%mwongé (—z'\/gp()) = 0. (4.71)

Let j., be the p-root of Bessel function J. (), that means
ey im0t g, (jép) —0. (4.72)

Comparing 4.71 and 4.72, we must have —i\/Bpy = Jr,. Therefore, the energy £ can be

calculated in terms of the roots of the Bessel function, as

72
L

j
£, =m?® —muwo + - — k. (4.73)
Po
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In the limit where the boundary goes to infinity, po — 400, we obtain the energy levels
as

E =m? —mwy — k. (4.74)

Once we have established the radial solution, we return to the z-dependent differential
Eq. 4.64 and proposing the following solution form Z (z) = e~ 2(iBogtmwo)=~i€z (2} we
get

O2F — 2i (Eogz + €) 0.F — (k + iEog + £ 4+ muwy) F = 0. (4.75)

Making the change of variables below in search of a known equation

i
= — Eygz+€&), 4.76
x \/m ( 09z ) ( )
we obtain
OPF — 200, F — \F = 0, (4.77)
where A\ = — (—ik + Eyg — iE? — imwy) /Eog. This is the Hermite differential equation

(OLVER et al., 2020), which solution is
1.1,

where A; and A, are constants. H, (x) is the Hermite polynomial of order n, and

M (a,b, x) is the Kummer’s confluent hypergeometric function.

The Hermite function H, (z) is well defined for all values of  and defines a sequence
of orthogonal polynomials where the number n is the polynomial degree, for n € N. The

function is defined by the Rodrigues formula

H, (z) = (—1)"6902% (e_f”j) . (4.79)

The Kummer’s confluent hypergeometric function is defined by

n

(a,b,x) i": @) i!, (4.80)
n=0 )
with the Pochhammer’s symbol defined by
(a)g =1, (4.81)
(a), =a(a+1)(a+2)...(a+n—1). (4.82)
When a = —ng, ng = 1,2,3,..., the Kummer’s confluent hypergeometric function is a

polynomial of degree not exceeding ng. If b is also a non-positive integer, M (a, b, z) is
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not defined (ABRAMOWITZ; STEGUN, 1965).

As Hermite’s solution covers all polynomial solutions including those obtained by Kum-

mer’s confluent hypergeometric function, we chose to keep the function H and discard the

function M by imposing ¢; = 0.

The equation has the solution
7 (Z) — A267%(iEog+m“’0)Z2*ing7% (XZ + ,.)/) ’

where

ST

—1)7 €
72(%@ and  x = (=1)* v/ Eog.

Here, it is interesting to note that if the electric field is given by
im?

Fy=——o
07 g (1=2ng)’

the Hermite function becomes a polynomial of degree ny.

(4.83)

(4.84)

(4.85)
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5 Magnetic Field

In this chapter, we explore the Klein-Gordon Oscillator on a cosmic string background
under the presence of two types of magnetic fields. The first system, not yet explored in
this context in the literature, is the KGO in the presence of a static angular magnetic
field, in which the associated equation of motion is solved numerically and the effects
of the interaction field and the presence of the string is studied. A description of the
magnetic field as a non-commutative geometry is also presented. The second scenario
is the magnetic field parallel to the string in the presence of an external electrostatic
potential, a scalar potential and a magnetic flux. We obtain the equation of motion and

its solutions, finding the quantization of the related physical observables.

5.1 Angular magnetic field

The first scenario is an constant magnetic field in the angular direction, therefore we

introduce an magnetic field as

B = Byéy, (5.1)
where By is a constant. In the cosmic string spacetime, the vector potential associated

with an static angular magnetic field in the Coulomb gauge can be expressed by

| 1
A= —B()Zép - —Bopéz. (52)
2 2
Using field strength tensor 4.2, it is straightforward to verify that this choice for the

vector potential create the desired interaction field 5.1,

— -

B =V x A= Byé,. (5.3)

Thus, making the minimal coupling in Eq. 3.8, the Lagrangian associated with the

Klein—Gordon Oscillator in cosmic string spacetime in the presence of an angular magnetic
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field is

L =apo)* o) + <m2w§z2 —m?— g2%B322 + m2w§p2) ap*
- a—p@w*c‘w — apd,pOh” + 04/3295302 (VO Y™ — P 0p)
+ apmwop (V0,9 — YOU7) — apd.p* 0.9

Fapigy Bop (47000 — 00.0°) + cpmusoz (600 —vd) . (5.4)

This Lagrangian density leads us to the following equation of motion for the field :
, 1 , 1.1 ,
o5 — ;Gpw — 00+ ;ZQEB()Z@/J + 19 Byz0,0 — 3mwoy — 2mwypd,

1 ’ 1
- a2 p? 8§>¢ — 920 — igBopd.1p — 2mwyz0.1) + 921—13322@&
1

4B§p2w —mwi2*Y + m*yYp = 0. (5.5)

—m’wip* + g°
For the temporal and angular part, we propose the following ansatz,

U(t,p,¢,2) = e "ETEIE(p, 2), (5.6)

where £ is the energy and L is the angular momentum, L is quantized by the periodic

boundary condition upon ¢ and L € Z. By substituting this ansatz into Eq. 5.5, it

becomes
5 1 o1 .
—0; — ; 0, — zgéBoz +igBy (20, — p0) — 2mwy (p0d, + 20,)
+ L7 — 0% + gZEBg —mwy ) (2% +p*) + | F(p,z) =0 (5.7)
0(2p2 z 4 Y Y
where v = —&% — 3mwy +m?2. Tt is convenient to make a change of variables that makes

the coordinates dimensionless, therefore performing the following changes, & = /mwqp

and ¢ = \/mwyz, we obtain

{—552 - % (55 - %iBoC) +1iBy (€0 — £0;¢) — 2 (£0¢ + CO)

+§—22 — 9+ GBS - 1> (C+&) + 7] F(£¢) =0, (5.8)

where By = ¢B, /muwo, L=1L /o and 4 = /mwy. These parameters are dimensionless and
they are directly associated with the magnetic field, angular momentum, string parameter
a and energy, respectively. In this coordinate system (&, () the equation is not separable

by the usual method of separation of variables, because the magnetic field couples the
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dependence over £ and (. We take a different approach from the previous chapters and
calculate a numerical solution to the equation of motion 5.8 and use numerical analysis

to understand the behavior of the probability density of the complex scalar field.

5.1.1 Numerical Solution

Our approach in this section is to compute a numerical solution for the Eq. 5.8 and
find the probability density of the complex scalar field, |¢ (t,£, ¢, C)\2 = |F (€, C)\2.

Although there are various methods for solving differential equations, such as finite
elements, Monte Carlo, spectral and variational methods, we will use the finite difference
method here. From a computational point of view, the finite difference method is, in
general, relatively easy to implement, efficient and accurate for most physical problems.
In this work, we show two finite difference methods for solving the PDE: the first and
most intuitive is the explicit method, described in detail in section A.1 of the appendix
A, which is the method used to find the results presented here, and the second is the

Successive Overrelaxation (SOR) method with Chebyshev acceleration, section A.2.

Since we want a solution that vanishes far from the center of the string and smooth,

without any singularities at the origin, we impose the boundary conditions below:

Jim w0 (1.6,6.0) =0, (5.92)
Jim 4 (t,€,6,) =0, (5.9b)
et (1,6, 6,C)] o = 0. (5.9¢)

As we can see from the Eq. 5.8, the system has three free parameters: By, ¥, and L.
In this work, we set By to two values, 0.1 and 10, L to four values, 0, 1.1, 2 and 10, and
o to three values, —100, 0 and 100.

We note that as we increase the parameter L, we induce our probability density to
move away from the string, see Fig. 5.1, this can be interpreted as a change in angular
momentum or in the parameter o of the string. For the case L = 1.1, the only possibility
is L=1and a =009, for L =2, wehave L=2and a =1or L =1 and o = 0.5, for the
case L = 10, we have ten possibilities. The case L = 0 the cosmic string does not play a

role in the solution.

We can also see that, for integer values of L, it is always possible to find a system in
which L = L and o = 1. This scenario is described by Minkowski spacetime and there

is no cosmic string present. A more general representation for this case where L € 7Z is
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to write L = L — ng, where ng is an integer smaller than L. In this situation the string
parameter is &« = L/ (L — ng). Therefore, the system can always be interpreted as a space

with a cosmic string, ng # 0, or a space without it ny = 0.

The magnetic field plays a significant role in the solution. For low values of the field,
By < 1, the probability has a single peak, as shown in Fig. 5.2. For high values, By > 1,
the probability splits into two peaks, see Fig. 5.3.

The parameter associated with the energy is 4 and changing its values means a shift
in the probability density peak in radial and axial directions, see Fig. 5.4 and 5.5, and a
dispersion of the Gaussian behavior, since as we increase the value of 4 the peak of the

solution is higher and more concentrated, see Fig. 5.6.

0.151

0.10+

0.05+

0.00 ===

FIGURE 5.1 — [ (t,€, ¢, C)\2 with By = 0.1 and Jp = 0 at ¢ = 0. The solid line represents the case L=0,
dotted line L = 1.1, the dashed dotted line L = 2 and dashed line L = 10.

0.12 0.15-

0.10

0.08 0.10-

0.06 E

0.04 0.05-

0.02

0.00 0.00—— ;s :
¢

(a) (b)

FIGURE 5.2 — |¢ (¢, &, ¢, O)? with By = 0.1, ¥ = 0 and L = 10, (a) is a density plot of the solution
[ (t,€,,0))* and (b) is a slice at & = 3.
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0.150 0.151

0.125

0.100 0.101

0.075 e

0.050 0.05

0.025

0.000 0.00 —~ = 3
¢

(a) (b)

FIGURE 5.3 — |4 (t,€,0,¢)|* with By = 10, ¥ = 0 and L = 10, (a) is a density plot of the solution
[ (t,€, 0,0 and (b) is a slice at & = 2.

0.00 0.02 0.04 0.06 0.08 0.10 0.12

FIGURE 5.4 — |4 (,&, ¢, ¢)|* with By = 0.1 and L = 10. (a) 7 = —100, (b) 5 = 0 and (c) 5 = 100. The
red dashed line is a vertical marker at £ = 3.

1 1 1
v 0 0 ~o0
-1 -1 -1
2.5 3.0 3.5 4.0 2.5 3.0 3.5 4.0 2.5 3.0 3.5 4.0
3 3 3

(a) (b) (¢)

FIGURE 5.5 — |4 (,&, ¢, ¢)|* with By = 0.1 and L = 10. (a) ¥ = —100, (b) 5 = 0 and (c) 5 = 100. The
red dashed line is a vertical marker at £ = 3 and a horizontal marker at ¢ = 0. These figures show a cut
of a £(-plane in Fig. 5.4 at a height that keeps the volume for the standard deviation equal to o.
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FIGURE 5.6 — |4 (t,,¢,¢)|> with By = 0.1 and L = 10. The solid line and the blue disk is the case
4 = —100, the dash line and the orange disk is 4 = 0 and the dot line and the green disk ¥ = 100. (a)
The surfaces of Fig. 5.5 overlapping, (b) the boundary of the surface and (c¢) The surfaces translated to
the same center, &; and (; represent the translation factor where i = —100, 0 and 100 respectively for the
case ¥ = —100,0 and 100. Their values are £_199 = 2.96, & = 3.005, 190 = 3.47, (_100 = 0.02, (; =0
and (1p0 = —0.43.

5.1.2 The non-commutative geometry

In this section we shall make a map between the Klein-Gordon Oscillator with a static
magnetic field in angular direction in a cosmic string background scenario with a particular

case of the non-commutative phase space, the non-commutative momentum space.

The non-commutative momentum space is described by the operators 7; and p;, defined
via the following generalized Bopp shift (CARVALHO et al., 2011; CUZINATTO et al., 2022):

.. (é X ﬁ)

~ %] 7

i =T 5P :Ti+—2h ; (5.10)
Q.. (ﬁ X F)

Di Di 2h J ? 2h

Which satisfy the following commutation relations:

[7i, 7] = 1045, [Pi, p;] = 18y, [, D] = ihA;. (5.12)
where L
SRRV 0,0

Since we are interested in the non-commutativity in momentum space, we take ©,; = 0
for y = 1,2, 3, which allow us to maintain the spatial configuration for the cosmic string

commutative. The relations 5.10 and 5.11 become
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{4 (Qxﬁ>i_

Pz‘:pﬁ—%ﬁ':ﬂ'— 5

(5.15)

The density Lagrangian for the non-commutative Klein-Gordon oscillator can be writ-

ten as
L=—ap [—&w o) + <8p1/1 — mwopp* — 5@922w ) (8pw + mwopt) — 5292zw)
2 2 * 1 . * ]- . * 1 . ]- .
+ap” | O™ — 5293/)2/1 + 529121/1 X | O + 5293/)2/1 — §Zlew

+ (azw* — o + %iﬂzp?/}*) (azw T g — %iﬂzpzb) 4 m%*w] ,

(5.16)
and the related equation of motion is
1 1
—m?1 + 3mwey + miwip*h — ZQ%ZQ@/) +mwia 2P + ZQ%p%D
1 1 1 ? 1 1 2 2
+ <a2p2) (—715930 + 25912> ¢ + (Z§QQZ) ;w - 8t¢ + 02¢
1 1 1 1 2
+2 mwop + Z§QQZ ap¢ -2 a2p2 —2593,0 + 15912 8¢1/J
1 9 1 1 9
+2 | mwyz — 2592/) 0. + 0 + ;3,,1# + aZ? O30 = 0. (5.17)

Comparing the above equation with Eq. 5.5, we can map the non-commutative case

with a magnetic field in angular direction as 2o = —Byg and Q; = 23 = 0.

5.2 Axial magnetic field in the presence of a Coulomb and

Cornell potentials and magnetic flux

In this section we shall study the KGO in cosmic string spacetime in the presence of
static magnetic field parallel to the string with a electrostatic and Cornell Potentials, and
a magnetic flux produced by the topological defect. We modify the Lagrangian density
of the KGO by introducing a vector potential associated with the interaction field and
coupling the non-electromagnetic potential by making a modification in the mass term as
m — m + S (p), being S (p) the scalar potential. The resulting equation of motion are

solved for each scenario individually.


Mobile User


CHAPTER 5. MAGNETIC FIELD 65

We introduce an constant magnetic field parallel to the string as
B = Byé,. (5.18)

Using the definition of the field strength tensor, Eq. 4.2, we can express vector potential

associated with the axial magnetic field as the following:

- 1

B =V x A= Byé.. (5.20)

Lets assume that the cosmic string has an internal magnetic flux. Thus, we have the
angular component of the four-vector electromagnetic potential given by the interaction
field plus the magnetic flux,

Ay = %ongp + 2—5, (5.21)
where @ is a constant quantum flux through the core of the topological defects (AHARONOV;
BOHM, 1959; AHMED, 2021; MARQUES et al., 2001; AHMED, 2020; FURTADO; MORAES,
2000). We can introduce the electrostatic potential V' (p) through the zero component of

Lorentz vector (BONDARCHUK et al., 2007) as
Ay =V (p) ==, (5.22)

where {- > 0 is the Coulomb potential parameter. Therefore, the electromagnetic vector
potential of the magnetic field plus the Coulomb potential and the magnetic flux is

A=%Ce 4 Agéy. (5.23)
p

This choice of vector potential has never been explored in the context of the presence of

an external electrostatic potential, a scalar potential and a magnetic flux.

We will also consider in this analysis the presence of cylindrical symmetric scalar

potentials, this scalar potential is a Cornell-type potential (LEITE et al., 2020) and it reads

S(p) = %C +1Lp, (5.24)

here, ne and 7, are regarded as free parameters. This is a Cornell-type potential developed
in the 1970s to create a model that incorporates the confinement of quarks and was used

to determine the quantum numbers and estimate the masses and decay widths of quark-
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antiquark bound states (EICHTEN et al., 1975). The potential consists of two parts. The
first one, which has a Coulomb-like form, dominates at short distances and the second
term of the potential is the linear confinement term. A plot of the potential can be seen
in Fig. 5.7.

10+

S (GeV)
o

p (fm)

FIGURE 5.7 — Cornell-type potential with n;, = 1 GeV/fm and n¢ = 1GeVim.

Non-electromagnetic potential can be introduced in the system by making a modifi-
cation in the mass term as m — m + S (p), being S (p) the scalar potential (MEDEIROS;
MELLO, 2012; BONDARCHUK et al., 2007) and we consider the minimal coupling between
the KGO and electromagnetic fields. So the density Lagrangian 3.1 becomes

L=ap (atw " zg% ) (atw - z’g%‘w) —ap(m+ S ()0
—ap (ap¢*ap¢ + mw0p¢8p¢* - mw0p¢*8p¢ - m2wgp2¢*¢)

1 19 1
(aw 0o — 1950 Bopds” — L0 + igsaBopt" i

ap

1 95 igbp . 2@
9?1 0” BYo o + R g Boapu s + <L g+ LRy w)

—ap (0.4 0.0 + mwoztp0,9* — mPwiz? ™y — mwgzw*azw) (5.25)

and the related equation of motion is
1 1 19
p — 21950 Op — O — (; + 2mw0p> O — a?p? 0o + (_ngBO + ZQpBQ) Dyt

g 1
— 020 = 2munz0) — mPwg Y + (nf — mPwg) P+ 2 py + (2m770 + 2—3930) L

%2 1
+( g+ ) ¢+m%+%wmw 3mwot) + f%¢—0

(5.26)

In similar way of we have done in the previous sections, for the angular and temporal
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part we propose the ansatz with a separable solution as
U (tp,¢,2) = IR (p) Z(2). (5.27)

£ is interpreted as the energy and L is the angular momentum, L = 0,£1,+£2,+£3 ...,
which quantization comes from the periodic boundary condition upon the angular co-
ordinate. Then introducing a separable constant k, the equation decouples in a radial

dependent equation

p

1
— R — (; + 2mw0p> O,R +

1 /9B )
- (9 0 (L— J B) _zggce) +(m+S(p)?+B|R=0 (5.28)
P\ « 27
where 3 = —€? — 3mwy + }LgQBg + 2mk, and z-dependent equation
—027 — 2mwyz0.Z + (2mk — m*wiz*) Z = 0. (5.29)

Looking at the z-dependent equation, we make the following change of variables:

z= Wi_% (5.30)

where ( is a dimensionless variable. The result equation is

2k
—8§Z —200cZ — (w_o + C2> Z =0, (5.31)
which solution is ) )
_2 . {2k _é 2k
Z(C)=Are 7 Vo 4 Age” 7 VI (5.32)

where A; and A, are constants to be determined from the boundary conditions.

Now, returning to the radial Eq. 5.28, we first introduce a new dimensionless variable

¢ as
(5.33)

p =
mwo
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and we obtain the following radial equation:

) 1 9 1 9By gPp
~0} - (g + 25) O R + {—f N (7 (L B y) + 29505)
1 1 dp\? 1
ta <—92§%+@ (L—g—:) ) b (4§

mwo mwo

R=0. (5.34)

It is worth noting that the presence of Coulomb potential makes energy appear in
different place of the ODE, which impacts the energy spectrum as we are going to see
further.

We can also observe that the angular momentum L of the system is shifted as L — L,
where L = é (L — %). This change is related to the presence of a quantum flux produced
by the topological defect and it is analogous to the Aharonov—Bohm effect (AHARONOV;
BOHM, 1959; PESHKIN, 2005), a quantum mechanical phenomena that describe phase
shifts of the wave-function of a quantum particle. We shall see how this magnetic flux

affect the physical observables.

In the following subsections, we shall analyze the radial differential equation obtained
earlier, considering different physical situations: I) only the presence of the magnetic
field, II) linear confinement potential, IIT) Coulomb-type potential, IV) Cornell potential
V) Electrostatic potential VI) Magnetic flux and VII) Complete scenario. In all situations,

the magnetic field is present.

5.2.1 Landau Levels

The first scenario is characterized by the presence of the magnetic field and the absence
of potentials and magnetic flux, which means that no = np = £ = &5 = 0. This system
is a particular case the one discussed in (CUZINATTO et al., 2022). The Eq. 5.34 becomes

1 L? gByL m I6]
PR (- +2 g - L 2 Yr=o. .
ot (grae) o (<€ - T 2y R0 (5

We propose the following ansatz:

R(€) = E/%xp (—f VBt iy 5—) F). (5.36)

mwy 2
where the F'(£) is a function to be determined. Thus, the differential Eq. 5.35 becomes

EOZF + (1+a —bE) OcF +nF =0, (5.37)
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with the following constants:

mwo

a _25\/— + — +2, (5.38a)
b 2—

(5.38b)

BogL (1+2%) .
= — e 2 ) 5.38
n=- T o VB +m2 + 2muwq (5.38¢)

This is the associated Laguerre differential equation (ZWILLINGER; DOBRUSHKIN,
2021) with the solution

F(&) = BU (—% a+1, bf) + Byl (bE), (5.39)

where By and By are constants.

U (a,b, z) is the Tricomi confluent hypergeometric function introduced by Francesco
Tricomi (TRICOMI, 1947) and L% (z) is the associated Laguerre polynomial.

The function U has a singularity at z = 0 and it can be express in terms of Kummer’s
function of the first kind M (a,b, z) as (ABRAMOWITZ; STEGUN, 1965)

T M (a,b, z) 1oy M@a+1—-0,2-0,2)
sin (7b) [T(1+a—bT () T(@D2-b) |

Ula,b,z) = (5.40)

where the function M was explored in the section 4.2. Since U is divergent at the origin,

we discard this solution imposing ¢; = 0.

The associated Laguerre polynomial can be express as

" (k+a
(5= 3 B e oy (5.41)

where the lower index is used to represent the Pochhammer’s symbol, which definition is
in Eq. 4.82.

We have a polynomial solution for ngy being a non-negative integer. Imposing this
condition in our solution 5.39, that means n/b = ng, we find the energy quantization

expressed

B202[2 B2,2
EryLmg = T4 [ — 09 7 + 09" 4 9mk +m?2 — mw. (5.42)
sy 2 £ l 4
4a (a +no + 2)

In the first term, we can see that the presence of the string factor a and the magnetic

field By modify the degenerate spectrum of the KGO. Each set of wave functions with the
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same value of ng is called a Landau level.

Eq. 5.42 also reveals that the quantization is lost when By — 0 or L = 0 and complex

values for the energy are possible for

B2 2L2 B2 2
04 -+ g > 09
0 (E 4 +3)

+ 2km + m?. (5.43)

In fact, we would have a pure complex energy for the above situation and it can be
interpreted as a dissipative term for the minus sign or a gain term for the plus sign, which

it 6iIm(

means that ¢ = e ¢ Etp. The positive sign for Im (£) lead us to the divergence

of the wave function, therefore we discard this possibility since it is unphysical.

Note that the condition 5.43 gives a restriction on the constant k; for real values of
the energy, the condition becomes:
B2g*L? wo Big® m

k> it i A (5.44)
8ma? (£ +ng + %)2 2 8m 2

This constraint is essential when we do not admit energy dissipation.

The same energy spectrum has been developed in (CUZINATTO et al., 2022) considering
a cosmic string space-time equipped with a rotating frame. If the frame is static their

energy eigenvalues match with Eq. 5.42.

In order to observe the effect of the presence of the magnetic field and angular mo-

mentum we define

_ B
By=—_ (5.45a)
mwo
_ L
L="= 5.45b
= (5.45Db)
= (5.45¢)
Wo

These parameters are dimensionless and are directly associated with the physical quan-
tities of the system. By, L and m are free parameters. In this section, we have selected
four values for the magnetic field, 0.1, 1, 5 and 10, and for the angular momentum we

have chosen five values, 2, 4, 6, 8 and 10.

The magnetic field has a big effect on the probability density. For small values of the
field, By < 1, the probability has a single peak dispersed in the radial direction, while for
high values, By > 1, the probability density begins to concentrate near the origin and a

second peak begins to appear, see Fig. 5.8.

The change in angular momentum also has an effect on [¢) (¢,&, ¢, ¢ )]2 For larger

values of L, the peak of the probability density moves away from the cosmic string. This
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behavior can be seen in the Fig. 5.9. Similar to what happened in the previous section,

the presence of the cosmic string can be seen as a change in angular momentum.

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
¢ ¢

05 10 15 20 25 3.0§ 05 10 15 20 25 30 05 10 15 20 25 30

(a) (b)

FIGURE 5.8 — |¢ (t,€,6,¢)|” with L = 2 and m = 1 (a) is the case By = 0.1, (b) By = 1, (C) By =5 and
(d) By = 10.

05 10 15 20 25 3.05

0.06¢

0.04r

0.02t

1 2 3 a2 56

FIGURE 5.9 — |[¢ (t,€&, ¢, {)\ with By = 0.1 and m = 1 at ¢ = 0. The blue line represents the case L = 2,
orange line L = 4, green line L = 6, red line L = 8 and purple line L = 10.

5.2.2 Linear Confining Potential

In this subsection we shall analyze the situation where the Coulomb-type scalar in-
teraction, the magnetic flux and the electrostatic potential are absent, but keeping the
linear confining potential and the magnetic field. That means no = {¢ = &g = 0 and

n, # 0. For this system, the function R () satisfies the differential equation below,
obtained directly from 5.34:

1 % ByL
_%R—(§+%>@R+[2@—&i%ﬁf

R=0. (5.46)

L EN .6
—£2+—<m+77L _mwo) +m—w0

mwyo
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R (&) can be expressed by means of an unknown function F' (&) as follows:

f\rexp ( (J;Z” 1) + M) F(€). (5.47)

Wo WollL

Substituting the ansatz into 5.46, we can see that F' (§) satisfies the equation

ERF + 0cF (7 + 06+ €€2) + (Sa—q) F =0, (5.48)
with
L
y=142—, (5.49a)
o
m [0
§=2—— 5.49b
v 1Mwo N ( )
e —olmel (5.49¢)
mwo
L
ookl ol 8 4 (5.49d)
Wy mwo mwo
BogL 2L 11
qg=— 09 . ( o ) |77L| (5496)

ay/mwy  awgy/mwy N

This is the biconfluent Heun equation, BCH, and it was explored in detail in section
4.1, therefore we are going to use those results here. Since we are looking for polynomial

solutions, we impose the condition 4.37 for » = 0 and obtain the following energy spectrum:

L BQ 2
Ek Ly = i\/—2 7L <% +no + 1) + Zg + 2mk — mwy. (5.50)

This expression is valid for all values of n;, and is independent of its sign. The energy is
real for Big?/4 + 2mk > 2|ny| (|L| Ja + ng + 1) + mwy, assuming positive and negative
solutions; otherwise, the energy is complex. As discussed in the previous section, complex
energy can be interpreted as a gain or loss term, depending on its sign. We saw that the
plus sign leads to a divergent wave function and this possibility is ruled out. We impose

a restriction on the values of k£ to obtain real values of energy, which gives

32 2

m 2 8m

We can also observe if n, — 0, the quantized behavior of the energy is lost . This
happens due to the presence of the confinement potential and something very similar
happens in the article (MEDEIROS; MELLO, 2012) when they consider a linear potential

for a relativistic charged particle in cosmic string spacetime in the presence of a magnetic
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field and a scalar potential.

The BCH has two conditions to be obtained from the Heun polynomials. The first
provides the quantization of energy. As suggest in (MEDEIROS; MELLO, 2012), the second
condition leads to an expression for the scalar potential coupling constant, 7, related to
mass and angular momentum. If we consider a linear polynomial, the condition ¢, 1 =0

leads us to Eq. 4.48. For r = 0, we find the following condition for the confinement

-1
mBygL | L? BogLm
T]Ll,L — o <1 + 2 @ —I'_ o
-1
B2g>L? L2 m? e
T [m? + 0212 (1+2 @) +7<2 @+1> : (5.52)

The relation given in Eq.5.52 gives the value of the parameter 7z, , that permit us to

parameter:

construct a first degree polynomial solution of Hp.

The effect of linear confinement can be explored by implementing the definition 5.45
with

L, = %. (5.53)

Here, we explore 7, with three different values, 0.1, 0.5 and 0.8. As we increase the

value of the confinement parameter, the probability density tends to disperse and move

away from the cosmic string, see Figs 5.10 and 5.11.

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

¢ { ¢
4 4 4
2 2 2
0 0 0
-2 -2 -2
2 4 6 8 10 12°% 2 4 6 8 10 12° 2 4 6 8 10 12°
(a) (b) (c)

FIGURE 5.10 — |4 (t,€, ¢, ¢)|* with By = 0.1, L = 2 and m = 1 (a) is the case 7, = 0.1, (b) 7j, = 0.5
and (c) 7, = 0.8.
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0.01} \

2 4 6 8 10 12 §

FIGURE 5.11 — |9 (¢, &, ¢, C)|2 with By = 0.1, L =2 and m = 1 at ( = 0. The green line represents the

case 7, = 0.1, orange line /7 = 0.5 and blue line 77, = 0.8.

5.2.3 Scalar Coulomb-type Potential

Let us now admit that n, = £ = &g = 0, but take into account the effects of the

scalar Coulomb-type potential, i.e., 7o # 0. In this case we can rewrite Eq. 5.34 as

follows:

o (1  gBL | I?
2
_ey b <m+ —”CVW") + 2 r-o
mwo 13 mwo

Now, proposing the ansatz

R(f) = gﬁexp [_%g (2\/5 + m? + 2mwy +§>

mwy

F(€),

and substituting into 5.54, we obtain
EORF + (1+a—b€) O F + nF =0,

with

BogL L? m m
n=—0 —<2,/ng+—2+1) B gyt
Qi /W (e} mwy  Wo \/ MWo

This is the associated Laguerre differential equation with the solution

F(€) = BiL§ (b6),

(5.54)

(5.55)

(5.56)

(5.57a)

(5.57b)

(5.57c)

(5.58)
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where B; is constant.

This equation was described in more details in section 5.2.1. Using the quantization

condition for associated Laguerre polynomials, its provides the following energy spectrum:

(BogL — 2ancm)2 B2g?

Erimg = | — +

2
40? (\/né+§—§+no+%)

Comparing with the energy found in the Landau levels, Eq. 5.42, we see that the

+ 2km + m? — muwy. (5.59)

presence of the Coulomb scalar potential changes the energy spectrum and, in the non-
potential limit, the equation reduces to the case described in the Landau energy levels.
Here we can also see that complex energies are possible and we impose the same restriction
over k to obtain real values of the energy,

BogL — 2 : Big?
. (BogL — 2amcm) 4 W bogm m (5.60)

2
8ma2(\/ 2+L—2—I—n+l) ’ o ’
e ™ &2 2

The presence of a scalar potential of the Coulombian type causes a small change in the

probability density. Its presence generates a small change in the position of the peak. As
Nc increases, the probability density shifts in the opposite direction to the cosmic string,
see Figs 5.12 and 5.13.

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

]

FIGURE 5.12 — |4 (t,£, ¢, ¢)|* with By = 0.1, L = 2 and m = 1 (a) is the case nc = 0.5, (b) ne = 1, (c)
ne = 10 and (d) ne = 100.
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lwl?
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0.04+

0.02¢

1 2 3 a4t
FIGURE 5.13 — |[¢ (t,&, &, C)|2 with By = 0.1, L = 2 and 7/ = 1 at ¢ = 0. The blue line represents the
case ¢ = 0.5, red dashed line nc = 1 and green line n¢ = 10 and orange line 77, = 100.

5.2.4 Cornell-type Potential

In this system, we shall explore a more general problem, which is the behavior of the
KGO under the presence of a staticmagnetic field, given by 5.19, and the Cornell-type
scalar potential 5.24 in the space-time of the cosmic string. The radial differential equation

18

1 L2 BoL
—%R—(E+%)QR+[—§+Q%2— %%hﬁ

1 mw 2
L (m+ ney/me - g ) P
mwo & V/Mwo mwo

R=0. (5.61)

In order to solve the ODE, we can write the function R (§) as

R(€) = eV exp (%s (M - 1) S/ @> Fe), (562

mwo nL

where F is the new function to be determined. Substituting this form for R () into Eq.
5.61, we obtain
EOFF + O F (7 + 66 4 €€%) + (o — q) F = 0, (5.63)
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L2
F=1+2 ng+§, (5.64a)

with

2m ||
5= 2minel 5.64D
v/ TMWoTlL ( )
= QM (5.64c)
mwo
2 L? 2
@:_£+_< ne + —5 el + (el —mwo> - (5.64d)
mwy MWy e} mwo
BogL m L? 1L ncm
= _ — 2U/nA+ = +1 2 . 5.64
1 ay/mwy /Mg ( et a? * ) N * /mw (5.64¢)

This is the BCH differential equation with the solution 4.29 and the constants 7,9, €, «

and ¢ are defined above.

In order to find the energy spectrum we impose the condition 4.37 for r = 0 and we

get

2 L2 Big?
Exrng = E| =2 [mel { mo+\[1& + =5 + 1| +2neme + —— + 2mk —mwo. (5.65)

We can see that the energy is unchanged by the discrete symmetry n;, — —n; together

with nc — —n¢. This solution also admit complex values for the energy. Here we make

a restriction to the constant k in order to obtain real values. This condition is

|77L‘ 9 L? Wo 3392 NenL
—_— + +—=+1)4+ = - —=— — == .
k> no + 1/ 1¢ 5 5 g - (5.66)

The Heun function has two conditions to be fullfield in order to obtain the Heun
polynomials. Imposing the second constraint 4.48 we obtain a expression for the linear

potential:

-1
mBygL / L? BogLm
ML, , = ( 09~ _ 2770m2) (1 + 24/ 03 + —2> + 09 —2m*nc
‘ o} a a
-1
B2g?L? BogL L?
( 02042 -2 . ncm+277ém2 1+2 ng—l—@
m? / L2
2 2

Here, we have chosen to restrict the parameter associated with the linear term of the

(5.67)
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Cornell potential. Instead, we could also find a constraint for the Coulomb-type parameter

Nc, but the equation resulting from the 4.48 is more complicated to solve for 7c.

5.2.5 Electrostatic potential

In this subsection, the environment is composed only of the magnetic field and the
electrostatic potential, no = n, = & = 0 and ¢ # 0, the radial ODE is

—9;R — @ + 25) OeR + {—52 + 5% (z—z - ii) (5.68)
_ \/ml_woﬁ (gBoL _ 2g505> + wﬁo + m%o] R=0. (5.69)
We propose the ansatz
R (&) = M exp —%g 2 mi%—%+%+2+g F(&). (5.70)
Thus, the equation becomes
EOZF + (1 +a —bE) OcF +nF =0, (5.71)

with the following constants

b g% m

a=—2 —— +—+2 (5.72a)
mwo mwo Wo
L
b=2=, (5.72b)
(67
BygL L 2¢2 &
n:i—<1+2—)\/i—@+ﬁ+2—2 gec (5.72¢)
a4 /TNWo (% mwo mwo Wo A/ TNWo

As found in the section 5.2.1, the Eq. 5.71 is the associated Laguerre differential equation
with the solution given by the Laguerre polynomials 5.58. The condition to obtain the
Laguerre polynomials is n/b = ng, being ng a non-negative integer. This condition leads

us to the following energy spectrum:

—b+Vb? — 4dac

> (5.73)

gk,Lm,o -
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with
2 242 o (L 1)*
a =4a”g°¢; + da ~tmtg) (5.74)
b=—4BygLagéc, (5.75)
9 972 oL 1)* 2 2 22 2
c=Bj¢’L* — a ~Emot g [B3g* — 4 (g°62 — 2km — m® + muwy) ] . (5.76)

Here, we note that the structure of the expression for the energy is different from those
obtained for the previous cases, in particular the fact that here we can obtain a complex
value for the energy and no longer just a pure complex as in the previous cases. Despite
the difference in the limit of the non-electrostatic potential, the energy is reduced to the

energy eigenvalues of the Landau levels found previously, Eq. 5.42.

As energy also has complex values, we can impose a restriction on the values of k£ to

keep it real. This condition is the following:

BQ 2L2 2,,2¢2
e 09 ag% .
8m <a292§%~|—a2 (£+n0+3) >042 (£ 4mno+3)
BQ 2L2 BQQ 2¢2
09 o B gbe m (5.77)

8ma? (£ + ng + %)2 2 8m 2m 2

To observe the effect of the presence of the electrostatic potential, we define a dimen-

sionless parameter ¢ as follows

§o = géc- (5.78)

Eq. 5.78 with the definition 5.45, we can analyze the behavior of the probability density
under a change in the electrostatic potential. Similar to the effects in the other cases, as
we increase the values of the £¢ potentials, the probability density moves away from the

cosmic string, see Figs 5.14 and 5.15.

0.06¢
0.04+

0.02¢

FIGURE 5.14 — |4 (¢, &, ¢, §)|2 with By = O.l,ﬁI_/ =2 and m=1 at ( = 0. The blue line represents the case
&c = 0.1, orange line ¢ = 1, and green line £ = 10 and purple dashed line £ = 100.
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FIGURE 5.15 - [¢ (¢, €, ¢, §)|2 with By = 0.1, L = 2 and 7 = 1 (a) is the case {¢ = 0.1, (b) &0 = 1, (c)
§c =10 and (d) {c = 100.

5.2.6 Aharonov-Bohm Effect and Non-Commutative geometry

Now we consider only the magnetic field and flux acting, which means that &5 # 0.

From Eq. 5.34, the associated differential equation is

1 ({1 g5\’
-+ e (E (L - ?) ) (5.79)

—O;R — (% + 25) OeR +

1 B )
- 9B (p_92s\y m B 1p_y (5.80)
Vmwe§ \ « 2T Wy MWy
Proposing the following ansatz:
;(L,g%) E/B+m?+2mwy, &2
— o 27 I _—— F 5.81
R(=¢ exp< N GG

we get a well-known ODE, the associated Laguerre differential equation

EORF + (1+a—b€) OcF + nF =0, (5.82)
with
a :25\/i + 24, (5.83)
mwo wWo
2 g(I)B
p==1(1 - 212 5.84
o ( 2T ) ’ ( )
) 1+ 2(L— 9%®B
n:& (L_g_B)_ ( 0‘( 2m ))\/ﬁ+m2+2mw0. (5.85)
/Mg 27 mwo

The solution is described by the Eq. 5.39 with the above constants. Imposing the


Mobile User


CHAPTER 5. MAGNETIC FIELD 81

previous section’s condition, n/a = ngy, where ng is a non-negative integer, the energy

spectrum is obtained as

B2g2 (I — 228)? B22
EkyLmy = o | — 69° 2) 5 + 09" 4 2km + m2 — muwy. (5.86)
102 (G (L=%2) +mo+3) 4

We see that the effect of the magnetic flux always appears as a change in the angular
momentum L, as we saw in the equation of motion 5.34. This dependence on the rela-
tivistic energy level of the geometric quantum phase gives us a relativistic analog of the
Aharonov-Bohm effect for (AHARONOV; BOHM, 1959) bound states. In the limit &5 — 0,
the energy spectrum reduces to the Landau levels, Eq. 5.42.

Here, complex energy values are possible and the whole discussion is the same as in
subsection 5.2.1. To restrict for real energy we can impose the following condition upon
the constant k:

B242 (I — 928)? B242
k> o9 (L — 52) s _2od T (5.87)
smo? (3 (L—%52) +no+3) 2 8m 2

o

As we have done with the angular magnetic field, it is interesting to interpret the
magnetic field as a non-commutative in momentum space. Then, we shall map the non-

commutative moment to the magnetic field in the z-direction with the magnetic flux.

Taking the equation of motion of the non-commutative Klein-Gordon oscillator, Eq.

5.17, and setting 25 = 0, we get

0 = — m?Y + 3mwey) + miwip*h + m2wi 2%

1 1 1 2
+ ( 2 2) (—i—Qgp + ?:—le) @ZJ + 2mw0p31¢
a“p 2 2

1 1 1

a2 p?
1
a2 p?

1
— Oy + OO+ ( ) 030 + 050 (5.88)
Comparing the above equation with 5.80, we obtain the following two equations, which
must be satisfied for the mapping between the magnetic field and flux with the non-
commutative to be possible:
1 Q3 2 g®p 9By

— = 5.89
a2p? 1z a?p  a?p? 27 + ap’ (5.:89)

1 Q% 1 Qngz 1 Q%ZZ 1 2152 gZBOCI)B QQCI)ZB
et Z = ~¢°B . 5.90
402 2 o?p + 4 a?p? 49 70 + 2amp + 4a®m2p? (5.90)
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The above equations are satisfied for the following non-commutative parameter:

o

Ql - J B, (591)
w4

Qg = —OégB(). (592)

This result show us that not only the magnetic field but also the magnetic flux can be

describe as a non-commutative in momentum space.

5.2.7 Complete Solution

Here we analyze the more general scenario, we consider the presence of all potential
and magnetic flux. Thus, the differential equations is the complete 5.34 and we start

proposing the following ansatz:

_ Lo (ol emng| \ fut 2y (1-222)?
R(§) = exp (252 (mwo 1) + —nL\/m—wO> 5\/ F(£). (5.93)

Substituting in the equation of motion, we obtain the Heun Bicofluent equation

ERF + OcF (74 06 + €€%) + (€ — q) F = 0, (5.94)
where
1 g(I)B 2
y=1+24/n3+— (L— 52 '
R VU ( o ) ’ (5.950)
m_ |ng
5o nl. 5.95b
VvMWwo 7ML ( )
|nL| (5.95¢)
(D 2¢2
S |77L|\/ +_ L_g B) Lokl g gmene o By 5050
2m mwy  Mwy mwy  MWo
Bog 95 m|ny| 1 9®p
q a mwo ( 27]' ) 77L‘ /mUJ() T]C + 0[2 27T +
E
o f8e o mie (5.95¢)
V/mwo Vmwo

Here we do the same steps that was done in the subsection 5.2.2. We impose the first

BCH’s condition to obtain the Heun polynomials, Eq. 4.37, which leads to the energy
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eigenvalues:

1 qg® 2
Eebng =E | —2n1] no+\/n%+;(L—2—7rB) +1

B2 1
+2nonz — 9268 + Z + 2mk — mwol : (5.96)

This energy spectrum is similar to the one obtained in the Cornell potential’s subsection
5.2.4. The first difference is the presence of a quadratic term associated with the electro-
static potential; the second difference is due to the magnetic flux which, in this case, still

generates a change in momentum, as discussed in 5.2.6.

To restrict our energy to be real, we obtain the following condition for the constant k:

1L 1 9P5\" G°&  wo  nenmL  Big®
k> 2+ — | L—21= 1 = — - — 5.97
m Mo + 77(1+a2 o + +2m+2 m 8m '’ ( )

and the second condition of the BCH 4.36 leads to the expression for the parameter of

the linear potential:

r -1

2, 1 95" mByg 9P5 2
|77L1L‘: =21+ /e +—=5 |\ L—F— 22— L —=— | +4m&géc + 4m nc
’ « 2 « 27

1 Dp\° B i)
dlomz e = (L-28) w1 | (222 (L 978 + amegec + dmwone

a? 2w Q 21
+ |m? |2 2+i L_gcij 2+1 2412 2+i L—g(}j 2+1

770 CY2 27T 770 a2 27r

B2g? ds\> ® Bog€ B
L Boy (L_g B) +4<L_g B)( 09€98c | M ggnc)+(25g§c+2mnc)2]}~

o? 2 27 o

(5.98)

The above equations provide the energy spectrum of the KGO in a cosmic string
spacetime in the presence of magnetic field parallel to the string with a Cornell potential

and flux magnetic and this complete or section about magnetic fields.
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6 Conclusion

In this work, we investigate the influence of topological defects due to cosmic strings
on the Klein-Gordon Oscillator in the presence of a constant electric and magnetic field
with a Coulomb and Cornell potential. We start by finding the energy-momentum tensor
for a static cosmic string in the z direction and, making a weak field approximation, we
solve Einstein’s field equation and obtain the conical metric created by the string. Then
we introduce the cosmic string in the Lagrangian density of the complex scalar field in
a curved space-time and introduce the oscillation by means of a non-minimal coupling,
obtaining the KG oscillator in the space-time of the cosmic string. The related equation
of motion for the KGO is solved by separation of variables and the associated angular
quantum number L is quantized by means of the boundary condition on the angular

coordinates and the energy spectrum is found by the roots of the Bessel function.

A brief introduction to gauge theory by Utiyama is shown to enable the coupling of
interaction fields, electric and magnetic fields. As an application, a study of KGO under

local phase transformation is presented.

The electric field is introduced by means of a minimum coupling, and the first case
analyzed is the radial electric field. We find the bicofluent Heun equation for the ra-
dial differential equation, explore the equation using the Frobenius method and find two
conditions for creating the Heun polynomials. These conditions allow us to find the quan-
tization of the separation constant k£ and the energy £. The second scenario is the electric
field in the z direction. We find the Bessel equation for the radial equation and obtain
the energy spectrum using the boundary conditions. A restriction on the electric field is

discovered by imposing that the Hermite polynomials are solutions for the z-part.

We also explore the magnetic field in two different scenarios. The first is the angular
magnetic field, in which we present two finite difference methods for solving the partial
differential equation of p and z, the first being the explicit method and the second is
the SOR method. We present the results using the first method, finding the probability
density. We identified that a change in the parameter associated with the string means a
change in the angular momentum; as we increase these parameters, the probability density

tends to move away from the string. We also observed that the magnetic field plays a
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significant role in the solution. At low values of the field B, < 1, the probability has a
single peak, while at high values it splits into two peaks. The change in the parameter
associated with the energy, 4, means a change in the peak of the probability density in

the radial direction.

We also explore the magnetic field parallel to the cosmic string with an electrostatic
potential, a Cornell potential and a magnetic flux. The equation of motion is analyzed for
each scenario individually, keeping the magnetic field. The first case was characterized by
the extinction of all potentials, the radial equation obtained was the Laguerre equation and
the quantization of energy was found by imposing the condition to obtain the associated
Laguerre polynomials. In this way we obtain the Landau levels; the energy takes on
complex values and a restriction for the possible values of the constant & was found in
order to keep it real. It is worth noting that the expression for the energy found was the
same as the one presented in the paper (CUZINATTO et al., 2022).

The second scenario is due to the presence of the confinement potential. In this case,
the radial equation obtained was the biconfluent Heun equation with solutions given by
the Bicofluent Heun functions. The two conditions for obtaining the Heun polynomials
were imposed and we obtained the energy eigenvalues and a condition for the confinement
potential. The presence of the linear potential changed the form of the energy compared

to that obtained in the case of the landau levels.

The third system was constructed with the presence of only the Coulombian scalar
potential, the Laguerre equation was found, the condition for obtaining polynomials was
imposed and, consequently, the energy spectrum was found. The energy spectrum is
altered by the potential, maintaining the correspondence with the case of the Landau

levels in the non-potential limit.

In the fourth case, we analyzed the complete Cornell potential and obtained the BCH
equation as a radial equation. We imposed the conditions for the Heun functions to
be polynomials and obtained the quantization of the energy and an expression for the
confinement potential. In the limit of the non-Coulombian potential, we returned to the

results found in the case of the confinement potential.

The fifth system was characterized only by the presence of an electrostatic potential,
which was introduced by means of minimum coupling. The radial equation obtained
was the associated Laguerre equation and, by imposing the conditions to obtain the
polynomials, the energy spectrum was found and, in the non-potential limit, led us to the

case of Landau levels.

The sixth case is characterized by the presence of a magnetic flux, which was included
through minimum coupling. The radial equation found was also that of Laguerre and

by imposing the conditions to obtain the Laguerre polynomials, we obtain the energy
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spectrum. We observed that the magnetic flux always appears as a change in the angular
momentum L. This dependence on the relativistic energy level of the geometric quan-
tum phase gives us a relativistic analog of the Aharonov-Bohm effect. A description of
the magnetic field and magnetic flux as non-commutative in momentum space was also

presented.

Finally, the last scenario was characterized by the inclusion of all potentials and the
magnetic flux. The radial equation obtained the BCH and the first condition led us to the
quantization of energy similar to the case of confinement. Heun’s second condition led us
to the fixing of the linear confinement parameter which, when considering the electrostatic

potential.

In this work, we were able to explore the Klein-Gordon Oscillator in the presence
of cosmic strings in space-time with different interaction fields. In summary, the results
obtained here show that the presence of a cosmic string produces a significant modification
in the energy spectrum and probability density associated with the KGO in the presence

of electric and magnetic fields.
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Appendix A - Finite Differences Method
(FDM)

Finite differences is a discrete method widely used to find numerical solutions to ODEs
and PDEs. The method is based on replacing the derivatives of the differential equation
with approximations using finite differences (GILAT; SUBRAMANIAM, 2011). The strategy
is to divide the domain into N subintervals of length h (in general, the subintervals can
have different lengths, h (z)), which is commonly called a mesh, and the solutions can be

found discretely.

First, a grid is defined in the domain of the function, so that it is separated into
discrete subintervals of size h = (b — a)/N*, where a and b are the boundary points (or
end points) that define the length of the interval and N is an integer that determines the

size of the parts. This discretization of the domain can be seen in figure A.1.
y A ®

Yie
[ ] yi

Yi1
h | h
<> X
*—0—
XI

X1=a i1 Xi  Xi#1  XN+1=b

Lttty

Interior points
Boundary Boundary
point point

FIGURE A.1 — An illustration of the discretization of the domain into IV parts of width h of a generic
function y (z).

ntervals can have different lengths for different directions, such as k = (d — ¢)/M in the y-direction
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The idea behind FDM is to use the Taylor series approximation to evaluate the deriva-
tive of the function with respect to points in the neighborhood. Therefore, a function f

at point z;;; can be expressed in terms of a neighboring point z; as

f 1d*f , 1df .
f@in) = fl@) + |, o+ 5 lece P+ gy e+ (A1)
Set up to only two terms plus a truncation error O(h), we get
df
Flain) = fl@) + o, b+ O(h). (A2)

Here we can find a expression for the derivative in the point x; in term of the function in

the points z; and z;,1,

df _ f(m) = (i)
dx|x = 7 +O(h). (A.3)

This formula for the first derivative is called the forward finite difference method
because it calculates the derivative of the ith term using the ith and (i 4+ 1)th terms of

the function.

In the same way, we can find the formula for regressive finite differences. By doing the
same procedure as before, but replacing the neighborhood point of x;; with x; 1, this

leads us to the regressive finite difference method expression

df . f(xz) - f(%—l)
dx|m I 7 + O(h). (A.4)

An interesting case, and more precise in certain cases, is the central finite difference
method with two points. It expresses the first derivative using two points, we use the
Taylor series for the equation z;,; and for x;_;, but now for the second order of the error,

which means

d2

(i) = f(z f|x b ;!d—;;]m:xithLO(hQ), (A.5)
d 1 &

flaiza) = f(x) — df oo it ad_gj;’mihg — O(h?). (A.6)

Making the difference between them we obtain a expression in term of the two neigh-

borhood points, x; 1 and x;1,

f(@ig1) = fzia) = Qﬁ

. o i+ O(R?), (A7)


Mobile User


APPENDIX A. FINITE DIFFERENCES METHOD (FDM) 94

and the derivative is obtain as

df f@ip) — f(@ia)

— 2
dx‘fzﬂ”i = 57 + O(h?). (A.8)

This second method is called the central difference formula and is more efficient if the
point x; is a maximum or minimum point of the function, as it considers the point in
front and behind.

Similarly to what was done for the first derivative, the second derivative will be carried
out. By writing the equation A.5 and A.6 in terms of a point x; until the third derivative

and the truncation error are of the order of h*,

df 1df ,  1df : 4
i) = f@) + ol ot grasle o P+ g sl HOMY,  (A9)
df 1d°f ,  1df 3 4
fxiiy) = fla) — %|x:xih + gﬁlmi — gﬁlz:mh + O(h%). (A.10)
The sum of the above equation gives us
1d*f 2 1
(i) + flwia) = 2f (zi) + 25@‘93:%}1 + O(h%), (A.11)

and the second derivative can be express in term of three points of the function as

af _ flwia) = 2f (@) + f(wi1)

de ‘ r=x; h2

+ O(h?). (A.12)

This is the three-point formula, x; 1, x;11 and x;, which estimates the second derivative

at the point z;, also called the three-point central difference and has a truncation error of
O(h?).

A.1 Explicit Method

In order to solve the 5.8 equation, an intuitive way is to use the explicit method,
which consists of rewriting our PDE using FDM and then isolating a term related to the
function at a point in terms of the function of its neighboring points. The idea is to define
the boundary condition and calculate the function in a loop until the information comes
from the boundary to the interior points and the solution converges. We start defining

our domain as
€€ (0,p0) and (¢ € (—20, 20), (A.13)

where pg is the maximum radius of our solution and z; is the maximum height.
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By dividing our radial domain into N parts of length A&, we can express the radial

coordinate in discrete form as

& =iAE, i=0,1,2,...,Ne, where Ag:%, (A.14)
3

And similarly, separating the coordinate ¢ by spaces of length A, we get

2
¢ =3jAC, j=0,1,2,...,N;, where Ag:%. (A.15)
¢

Here, we assume a uniform partition, which means that A¢ and A( are constant.

The function F (£, ) can be expressed in discrete form using the following notation:
F (&, () = F (AL JAQ) = F ;. (A.16)

The lower indices are related to the coordinates £ and (, respectively.

Using the equation A.8 and A.12 to express the derivatives of the function F' in terms
of the neighboring points, we have the following expressions for the first derivative and

the second derivative

O F = %f—” (A.17)
O F = FJ%CFJ* (A.18)
o2F = Lt _(QAZZ§Q+ Fioy (A.19)
OF = Fign _(if’)j;r Fig (A.20)

Applying the above expressions into Eq. 5.8 and isolating the F; ; term, we obtain

TR e Tl e s 25
Lo — Ficy Lo — Fija Fij1+ Fij
2 (51 me YT aAC > Ay } |
(A.21)
where
L2 1 2 1, ) o s
ﬁj = w + 2—&230@‘ + az—é? + W + (Z_IBO - 1) (Cj + gz) +7. (A.22)

This expression shows us how to calculate the value of a function at the point & and

; using the values of the neighboring functions, F;,q:, F;_1,;, F;i:y1 and F;; 1. This
j g +1,5 gr Fig+ J

i |:E+1,j + Fiq l (Fz'+1,j — Fi—Lj) B, (C‘Fi—kl,j —Fiq; B élﬂ,j-&-l —Fi;
7 i

)
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dependency of the A.21 calculation can be seen in the figure A.2

¢
N¢, N¢
0,Nc o——o * * * *——o
. *——o
e . *———9o ¢ . ®
E—
T ij+1

D—C. - —— *—@
z_l’j —/% 1,] -\\_\ 1‘1‘1,]

*— & & & >

0,0

FIGURE A.2 — 2D Grid representation of Eq. A.21, the point (4,j) depends on the points in its neigh-
borhood.

We can now write a sketch code to solve the PDE using the A.21. It starts by ini-
tializing the parameters and constants associated with the system, and then we define
the division for the coordinates ¢ and ¢ and their respective intervals A& and A{. We
also create the solution function matrices F™*V and F°9, and fill them in with an initial
guess for the solution, usually zero, and apply the boundary values. Now we start the
interactions, first we calculate all the values of F™*" using the A.21 and then we calculate
the error (the error calculation will be described in Eq. A.23), check whether the error is
smaller than the desired accuracy or whether the interaction counter n is larger than the
maximum set of interactions Np..; if this is true, we stop the interaction steps and save
the solution to a file; otherwise, we increase the number of interactions by one and copy
FPeV to Fold We calculate the components of the function F**V again. This happens in a
loop until one of the conditions is met, precision error < or interaction number n greater

than or equal to the maximum interaction number N,,..

Below is a flowchart of the code that expresses the step by step described:
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Initializing Define the divi-
parameters sions into £ and (

Fill in the matrix

with the initial Dﬁnamica}lll Y Calculate the in-
guessing and the allocate the tervals A¢ and A(

boundary values solution matrix F

Calculate all
components of
the matrix F for
all values of 7
and 7 using A.21

Start the in-
teractions

Is error <
precision or
n 2 Nmax

No

n =n+ 1 and
Fold — [Jomew

)
Save to file J Ves

FIGURE A.3 — Flowchart of code for the explicit method

The error calculation is defined by a matrix before the interaction F°'4 and by a matrix

after the interaction F™V as
error = ‘Max (Fo — Fre)]. (A.23)

The idea is to evaluate the maximum value of the difference due to an interaction, when

the interaction step does not change the solution function by a set value, we stop the run.

A.2 Successive Overrelaxation Method (SOR) with Cheby-

shev acceleration

An alternative method to the explicit method is the Successive Overrelaxation Method
(SOR). SOR is an iterative method that has been introduced by (YOUNG, 1954) and it is


Mobile User


APPENDIX A. FINITE DIFFERENCES METHOD (FDM) 98

considered as one of the efficient ways to accelerate the convergence of primary iterative
methods such as Jacobi and Gauss-Seidel method to solve a linear system of equations.
Some modifications to the SOR method have been made in (KINCAID; YOUNG, 1972),
creating the modified SOR (MSOR) to solve a system of equations with a red-black
coefficient matrix, and in (HADJIDIMOS, 1978), an accelerated super-relaxation (ASOR)
method based on two parameters. Recently, two different versions of SOR have been
proposed, KSOR (YOUSSEF, 2012) and KMSOR (YOUSSEF; TAHA, 2013).

Here we will present an alternative solution to the explicit method, using the usual

SOR with Chebyshev acceleration in order to increase efficiency.

We begin by introducing Jacobi’s ordinary iterative methods for solving linear systems.
Given a real (n x n)-matrix A and a real n-vector b, the problem considered is to find x
belonging to R™ such that

A-z=0. (A.24)

This is a linear system, A is the matrix of coefficients, b is the right-hand side vector and

x 1s the vector of unknowns.

Decomposing the matrix A as
A=L+D+U, (A.25)

where D is the diagonal of A, L is its strict lower part and U is its strict upper part. It
is assumed here that the diagonal is always non-zero. The Jacobi method for the k-th
interaction is (SAAD, 2003)

T(k) = —D1 (L + U) “X(k—1) Tt D™ 'b. (A.26)
Jacobi method converges for A matrices that are diagonally dominant, that means

|aii‘ Z Z ’&id‘ y for all i. (A27)
J#i

The matrix —D~' - (L + U) in A.26 is called the interaction matrix and the convergence
factor of the method is given by its spectral radius? of the interaction matrix, label by p,
(PRESS, 2007).

The number of interactions r required for the error factor to be of the order of 1077
can be estimated by the equation (PRESS, 2007):

TR —. (A.28)

2The spectral radius is the maximum absolute eigenvalue of the matrix (GRADSHTEYN; RYZHIK, 2014).
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An alternative to Jacobi method is the Gauss-Seidel method, which converges faster
than Jacobi method and requires less computational memory when programmed (GILAT;
SUBRAMANIAM, 2011). The Gauss-Seidel method for the k-th interaction is

2® = —(L+D)'U-2* Y 4 (L+D) "o (A.29)

Here, the interaction matrix is — (L + D)_1 U , consequently, the spectral radius and the
number of interactions required to obtain a solution with a certain accuracy are different

from Jacobi method.

We have given a brief introduction to the Jacobi and Gauss-Seidel methods so that
we can now explore the successive over-relaxation method. The idea of the method is to

overcorrect the value of z(*) in the k stage of the Gauss-Seidel iteration A.29. We start

(k—1)

adding and subtracting x on the right-hand side. we get

2®) = gD = (L4 DY (U - 2D 4 p)
=z* D —(L+ D) (U- 2% D+ (L+ D) -2* D 1)
=z* D —(L+D) - [(L+D+U) 2% —p]. (A.30)

Now introducing overrelaxation parameter w, we obtain
g®) = g*=1) _ (L + D)7 gk (A.31)

where
¢ = (L+ D+ U)-z* D —, (A.32)

The method converges only for 0 < w < 2. If 0 < w < 1, we have an underrelaxation.

Its spectral radius can be expressed in terms of Jacobi’s spectral radius as

2
PJacobi
= ) A.33
peon (1 + \% 1— p?acobi) ( )

As a generic example, consider the following discreatezed generic equation of second

order that the unknown function is w; ;:
Qi Ui+ bijUio1 g + Cigi g + digUijo1 + eijti; = fig, (A.34)

isolating u; ;, we get

1

Ui = — (fig = @igtiivr; — bijtiorg = Cijtigen — dijtij-1) . (A.35)

€i,j
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Therefore, the SOR algorithm A.31 is

new __ ,,old é-iv.j
upS = ug s — wa, (A.36)
and the residue is
ij = ijlip; + b+ ciFijn +dijFij+eijFij— fij. (A.37)

In fact, our problem of solving the partial difference equation becomes solving a linear
system and the equation A.36 with A.37 completes the idea of the SOR algorithm. Now,
let us introduce a trivial modification to the parameter w that can lead us to the optimal
asymptotic relaxation parameter; this modification is called Chebyshev acceleration. The
main idea is that the relaxation parameter may not necessarily be a good initial choice,

so we introduce Chebyshev acceleration to obtain the best parameter.

The odd-even order is used and w changes every half scan according to the following

prescription:

w® =1,

(1/2) = ]'/ ( - p?acobi/Q) )
n+1/2 1/ ( pgacobiw(n)/Q) y = 1/27 17 T, 00,
w(®) = Woptimal- (A.38)

The good fact about the Chebyshev acceleration is that the error norm always decreases
with each iteration (PRESS, 2007).

Let us now consider our system, KGO in a cosmic string background with a static
angular magnetic field. Take the expression A.21 for A = A¢ = A(, the equation becomes:
[ 1 11 = G & 1 &i G

—3 ~ s on TiBogy — —} Fip+ {—— + Eﬁ N BOQA:| Fi1

' 2 (1
—+22C—£ZB0—|—§2 +(Z )(C2+§)
G
AT

By&; o1 ; 1
+ [—Zi - C—] - —:| E]—H + |: Qf P:| Fi,j—l =0. (A39)

+

Z]

This equation can be expressed in the form of a A.34 as

QijFiv1j +0iiFi1;+ il +dijFij1 + e iFij = fij, (A.40)
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where

1 B & 1

a;; = _P—i_z A T A A (A.41a)
Cij = —i% — % _ é’ (A4lc)
T, (A.41d)
ei; = % + 2‘2%?0 + é—j + % + (}lﬁé — 1) (¢ +&)+7. (Adle)
fii =0. (A.41f)

So we can use A.36 and A.37 to write a solution for the PDE in the SOR algorithm

form as

FI0e = pield w5, (A.42)
61‘7]'
with the following residue:
Cij=aijFip;+0i;Fio1+cijFijm+dijFiio+ei;Fij— fij. (A.43)

Now we can write a sketch for the code to solve the PDE using A.42 and A.43. The
algorithm starts by initializing the parameters associated with the system, then we define
the division for the coordinates & and ¢ and the intervals A, similar as we did in the
explicit method. The function matrices F**V and F°9 are created and filled in with an

initial estimate and the boundary conditions are also applied following 5.9.

Here we start the interaction loop, first we calculate all the values of F™V using the
A.42 equation and then we calculate the associated norm (the norm calculation will be

described in Eq. A.44), we check if the norm has been reduced by a factor, €3

, or if
the interaction counter n is greater than the defined maximum interaction Ny,.y; if the
condition is true, the interaction is stopped and the solution is saved in a file; otherwise,
the number of interactions is increased by one, F(") is copied into F(°©'9 and we calculate
the new over-relaxation parameter using A.38. Then the residual and all the components
of the F™"V matrix are calculated again. This happens in a cycle until at least one of the

conditions is true.

A flowchart of the above sketch that expresses the step by step described below:

3¢ is a factor that can be set to be the desired fractional precision.
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Initializing The ¢ and
parameters ¢ divisions
are defined

The interval
A, the initial
norm ¢-norm and
<« the constants
Qj 5, bi,j) Ci gy di,j and
e; ; are calculated
for all 7 and j

Fill in the ma-
trix FO9 with
the initial esti-
mate and the
boundary values

Dynamically
allocate the

solution matrix
new) and F (old)

-

residue §; ; and all
the components
of the matrix
(new) ysing A.42

Start the in-
teractions

Calculate the W

n=mn+1,
F(old) — F(new) and
calculate the new
over-relaxation pa-
rameter using A.38

)
Save to file J Ves

FIGURE A .4 — Flowchart of code for the Successive Overrelaxation Method with Chebyshev acceleration

Is norm <
7-NOormxe or
n > Npax

The norm is calculate as

norm = Z 5], for all i and j. (A.44)
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