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Resumo

Este estudo investiga as interacoes luz-matéria em materiais 2D estratificados com band
gap proeminente, focando na formagao de éxcitons. O sistema especifico sob exame con-
siste em duas camadas de grafeno com uma rotacao, uma configuracao bem documentada
na literatura conhecida por sua manifestacao de varios fenomenos exdticos. Ao contrario
do grafeno em bicamada AB, este sistema nao apresenta naturalmente um band gap em

condicoes tipicas, em contraste com a aplicacao de um potencial elétrico.

Usando um modelo tight-binding, demonstramos teoricamente que a Bicamada Rota-
cionada de Grafeno (BRG) pode ser modulada através de um campo elétrico vertical e
pressao para funcionar como um semicondutor de gap estreito, capaz de hospedar um
espectro de éxcitons ligados anisotrépicos altamente hibridizados entre as camadas de
grafeno. O band gap se abre sob alta pressao e pode ser aumentado pela inclusao do

campo elétrico, alcangando valores de até 200 meV.

Em termos da estrutura de bandas, o band gap esta localizado entre os pontos M e K da
Zona de Brillouin da super-rede. Utilizando o formalismo das Equagoes Semicondutoras
de Bloch (ESB), analisamos o impacto das interagoes elétron-elétron e observamos um
aumento do band gap. Ao resolver as ESB homogéneas, demonstramos a presenca de
éxcitons altamente anisotropicos com forte hibridizacao elétron-buraco entre diferentes
camadas. Os espectros épticos do sistema, que calculamos ao resolver as ESB completas,
exibem uma ampla gama de picos de absorc¢ao, indicando que os éxcitons do GBR podem

ser detectados experimentalmente por meio de assinaturas opticas.



Abstract

This study investigates light-matter interactions in layered 2D materials with prominent
band gaps, focusing on the formation of excitons. The specific system under examination
consists of two layers of graphene with a twist, a well-documented configuration in the
literature known for its manifestation of various exotic phenomena. Unlike AB bilayer
graphene, this system does not naturally exhibit a band gap under typical conditions, in

contrast to the application of an applied bias.

Using a tight-binding model, we theoretically demonstrated that Twisted Bilayer
Graphene (TBG) can be modulated through vertical bias and pressure to function as
a narrow band gap semiconductor, capable of hosting a spectrum of anisotropic bound
excitons highly hybridized between the graphene layers. The gap opens under high pres-
sure and can be further enhanced by an electric bias, with values reaching up to 200

meV.

In terms of the band structure, the band gap is located between the M and K points
of the superlattice Brillouin Zone. Utilizing the Semiconductor Bloch Equations (SBE)
formalism, we analyze the impact of electron-electron interactions and observe an enhance-
ment of the band gap. By solving the homogeneous SBE, we demonstrate the presence
of highly anisotropic excitons with strong electron-hole hybridization between different
layers. The optical spectra of the system, which we calculated by solving the complete
SBE, exhibit a diverse range of absorption peaks, which indicate that the excitons of TBG

can be detected experimentally by optical signatures.



FIGURE 2.1 -

FIGURE 2.2 -

FIGURE 2.3 —

FIGURE 2.4 -

List of Figures

(Color online) Schematic representation in real space of TBG for
6(1,1) ~ 21.8° looking from above. The unrotated layer (¢ = 1) is
presented in blue bigger dots, and the rotated one (¢ = 2), in orange
smaller dots for clarity. The selected unit cell is highlighted using
the primitive vectors Ly, L, and black dashed lines. The primitive
vectors and unit cells of each individual layer of graphene are also

ShOWN. . . . . s

(Color online) Interaction between a pair of p, orbitals, decomposed
into - and o-like interactions. The lobes are projected onto a pair
of axis, one parallel and one perpendicular to the vector r connecting

the orbital centers. . . . . . . . . ..

(Color online) Reciprocal lattice associated with TBG. In order to
explicitly draw the lattice, we arbitrated a twist angle of 6(1,1) ~
21.8°. The big dots are the lattice points G = mG; + nGs (m,n €
Z), the vectors G 2 are the primitive vectors of the lattice, and the
small dots are the sampled points (2.32). For illustrative purposes,
unrealistically small values of N,/ ,» were used. Some high-symmetry
points are indicated (I', K, M). . . ... . ... ... ... .. ...

(Color online) Band gap of TBG for twist angles that generate com-
mensurate unit cells with less than 500 atoms. The band gap is
evaluated as a function of electric bias V and interlayer distance
d. The decreasing of the later mimicks the application of vertical

PTESSUTE. . . . . o o o e e e e e e



LIST OF FIGURES

FIGURE 2.5 -

FIGURE 3.1 -

FIGURE 4.1 -

FIGURE 4.2 -

FIGURE 4.3 -

FIGURE 4.4 -

(Color online) Electronic band structure of TBG for 6(1,6) ~ 46.8°,
V =3¢V and d = 2.8 A. The energy reference is the Fermi level,
set to Er = 0 eV in the vertical axis. The color map indicates layer
composition of either the bottom (¢ = 1) or top (¢ = 2) layers. We
focus our attention on the band gap opening and, moreover, on the
layer composition and dispersion profile of the highest valence and
lowest conduction bands, where the interband transitions associated

with the formation of excitons are more likely to occur. . . . . . . .

(Color online) Dominant term (¢ = ¢/ = 0, G = G’ = 0) of the
dielectric function in momentum space (3.5), as a function of the
transferred momentum q, calculated in a rectangular unit cell as
shown in Fig. (2.3). The dashed line shows the path followed by the

peak of the dielectric function. . . . . . .. ... ... ... . ...

(Color online) Optical band (4.14) of TBG for 6(1,6) ~ 46.8°, V =3
eV and d = 2.8 A. The optical bands forms a 6-fold shape, resem-
bling a flower, with 12 degenerate minima located at the edges of

the BZ, which is the hexagon contoured using dashed black lines.

(Color online) Spectrum of the exciton energies of TBG for §(1,6) ~
46.8°, V =3 eV and d = 2.8 A. We used Ny = 8600 sampling k-
points (see Eq. 2.32). The first 80 exciton states from the lowest to

the highest energy are presented, showing several degenerate sets.

(Color online) Wavefunction p((:g?o(k) of the lowest exciton of TBG
for 6(1,6) ~ 46.8°, V = 3 ¢V and d = 2.8 A, obtained through
the solution of the homogeneous SBE, also known as Bethe-Salpeter
equation (see Eq. 4.13). The wavefunction presents a stretched
dome shape with a peak whose position in momentum space was

verified to coincide with one of the minima of the optical band.

(Color online) Bar plot of electron (Pe.) and hole (Pyo1) probabilities
of being localized in the top or bottom layers (see Eqgs. (4.18a,
4.18b)) of TBG, for 0(1,6) ~ 46.8°, V = 3 ¢V and d = 2.8 A. We
used Ny, = 8600 sampling k-points (see Eq. (2.32)). Higher (lower)
bars indicate probability values closer to 1 (0). All probabilities are

close to 0.5, indicating high exciton hybridization between layers.

46

47

47



LIST OF FIGURES xi

FIGURE 4.5 — (Color online) Dipole moment (4.9) of TBG for 0(1,6) ~ 46.8°, V =
3 eV and d = 2.8 A. We used Ny, = 8600 sampling k-points (see Eq.
(2.32)). The arrows indicate the distribution of the dipole moment as
a vector field in momentum space. The colormap, on the other hand,
displays the magnitude of the dipole moment at each points, such
that the brighter regions, where the excitons interact more strongly
with light, coincide with the positions where the vector field arrows

are bigger. The dipole forms a 3-fold shape, centered at the K points. 49

FIGURE 4.6 — (Color online) Absorption spectrum of TBG for 6(1,6) ~ 46.8°,
V =3eVand d = 2.8 A. We used Ny, = 8600 sampling k-points
(see Eq. (2.32)). The spectrum shows a dome-like shape with several
peaks. The highest peak is located close to 0.3 eV, and the remaining
ones are concentrated to its right. Below 0.1 eV, the absorption is

almost zero. . . . ..o 50



Contents

1 INTRODUCTION . . vt vttt e it e ettt e e e e i e e e e s 14
1.1  Brief introduction to 2D materials and exciton formation . . . . . . . . . 14
1.2  The magic of twist in graphene and the rise of twistronics . . . . . . . . 15
1.3 TMD’s bilayers: State-of-the-art . . . . . . . . . . ... ... .. .. ... 16
1.4 Twisted TMDs: Moiré Potential . . . . . . . . ... ... ... ... ... 20
1.5 Objectives of thiswork . . . . . . ... .. .. ... ... ... ... ... 20

2 TIGHT-BINDING MODEL &+« v v v vttt et et ettt e e et e e e 22
2.1 Atomic structure . . . . . .. ..o 22
2.2  Tight-binding Hamiltonian . . . . . . . . . . ... ... ... ....... 24
2.3 Transfer integral . . . . . . . . .. ..o 26
2.4  First order (classical) electric-field effect . . . . . . ... ... ... ... 27
2.5 Hamiltonian diagonalization and band structure calculations . . . . . . . 28
26 Results . . . . .. . 30

3 DIELECTRIC SCREENING .« « « v v v vttt et et e i e e e ee e 34
3.1 Fourier transforms . . . . . . . .. ..o 34
3.2 Formalism . . . .. ... ... 36
3.3 Results . . . . . . . . 41

4 EXCITONS . ittt e e e e e e e 42
4.1 Dielectric screening of the electron-electron interaction . . . . . . . . .. 42
4.2  Semiconductor Bloch Equations . . . . .. . .. ... ... ........ 43

4.3 Results . . . . . . 45



CONTENTS xiil

4.3.1  Optical band . . . . . . ... 45
4.3.2  Exciton wavefunctions and binding energies . . . . . ... ... ... 46
4.3.3  Absorption spectrum . . . ... ... 48
5 CONCLUSION & vttt et et e e et e e e e et e e e e e e e e e 51
BIBLIOGRAPHY . . .t ittt it it et e et e it et e e e e e e e 53

APPENDIX A — DETAILED DERIVATION OF THE SEMICONDUCTOR
BLOCH EQUATIONS . . . . s s e e e e e e e e e e e e e e 61

APPENDIX B — PRESENTATIONS AT CONFERENCES . . . . . . . ... 67



1 Introduction

1.1 Brief introduction to 2D materials and exciton forma-

tion

Atomically thin materials have attracted the attention of a myriad of both theoretical
and experimental works in the recent years in the field of Condensed Matter Physics.
These materials, commonly called two-dimensional (2D), are strongly susceptible to the
neighboring environment, which makes them highly tunable by external parameters of
easy control in a laboratory setting, such as electromagnetic fields, temperature, pressure,
vacancies, impurities and strain. Some usual examples of such materials are graphene, 2D
transition metal dichalcogenides (TMD) (MANZELI et al., 2017), hexagonal boron nitride
(hBN) (ZHANG et al., 2017) and black phosphorus (LING et al., 2015).

Graphene is the first isolated 2D material and came as a shock to the community due
to its extraordinary mechanical and electronic properties (GEIM, 2009). It is formed by a
planar sheet of carbon atoms displaced in a triangular lattice forming hexagons. It is a
semi-metal, whose physics is severely determined by the formation of Dirac cones in its
band structure, with zero band gap. hBN can be seen as a close brother of graphene, with
an identical structure except for the sublattice symmetry break due to different atomic
species. This symmetry break induces a high bandgap opening, which makes this material
an insulator (ZHANG et al., 2017).

2D TMDs, on the other hand, also have a similar atomic structure, but only when
looking from the top. They have the chemical formula MX,, where M is the metal
(usually Mo or W) and X is the chalcogen (usually S or Se). Despite its non-trivial
three-dimensional structure, it is also formed by a triangular lattice, and forms hexagons
when observed from the top. 2D TMDs are usually semiconductors due to their middle-
range band gaps (MANZELI et al., 2017). For this reason, when light is shined in such
materials, electrons can be excited from valence to conduction bands, forming an excited
state (DAVYDOV, 1964). This excited electron leaves an unoccupied state behind, with

an effectively positive charge, which is called a hole. The hole couples with the electron



CHAPTER 1. INTRODUCTION 15

via a Coulomb interaction, forming a bound state named as exciton, that reduces the
total energy of the material (DAVYDOV, 1964). Excitons are elementary quasi-particle
excitations that transport energy without net charge transfer. They describe the most
fundamental interactions between light and matter, and are of extreme importance to the
description of the low-energy physics of crystalline materials. Speaking in terms of ideal
materials, it is essential that a material has a bandgap in order to form excitons. So,
ideally, regular graphene or metallic materials cannot host excitons, for instance, but any

semiconductor or insulator potentially can in general.

2D materials can also be stacked to form heterostructures with novel electronic and
optical properties not intrinsic to the parent materials nor to common bulk materials
(GEIM; GRIGORIEVA, 2013), which gives room to a plethora of possibilities with a wide
range of degrees of freedom only limited by human creativity. As we will discuss in
subsequent sections, previous works have shown how the behavior of heterostructures can

be severely affected by external effects, specially by twisting its layers.

1.2 The magic of twist in graphene and the rise of twistron-
ics

It has long been known that material properties depend on the way they are stacked.
In the case of bilayer graphene, the electronic structure is quite different in the AA and
AB stacking configurations (GEIM, 2009). In the AB configuration, the band structure
of graphene around the top of the valence band and bottom of the conduction band are
two parabolas with a zero bandgap that can be controlled by a perpendicular electric field
(CASTRO et al., 2010), while the AA configuration is essentially the same as graphene but
with a higher degeneracy. Experiments on Twisted Bilayer Graphene (TBG) began in 2010
when Eva Andrey’s group observed the presence of Van Hove singularities (LI et al., 2010),
which could already be theoretically predicted using a continuum model developed in
2007. In 2010, the presence of flat bands at rotation angles between 1.6° and 1.3° was also
predicted (MORELL et al., 2010), and a continuum model that reached the same conclusion
appeared the following year (BISTRITZER; MACDONALD, 2011). Interest in twisted layered
2D materials has been revamped since the publication of experiments conducted by Jarillo-
Herrero’s group showing superconductive behavior in bilayer graphene twisted by 1.1°
(CAO et al., 2018). This angle became known as the magic angle of TBG in the related
literature. As Ref. (CAO et al., 2018) shows, the electronic bands of TBG near the Fermi
level form a pair of doubly degenerate Dirac cones, which we were able to reproduce in
previous work using a tight-binding model (DUARTE, 2022).

The kinetic energy of electronic excitations in flat bands is essentially zero. Therefore,
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the system is dominated by interactions, and the electrons are strongly correlated. Super-
conductive TBG has motivated a series of experiments in graphene and similar systems,
showing a plethora of intriguing physical phenomena (CAO et al., 2016; SONG et al., 2019;
PARK et al., 2019; POLSHYN et al., 2019; KERELSKY et al., 2019; XIE; MACDONALD, 2020;
CEA; GUINEA, 2020; CAO et al., 2020; CHOI et al., 2021).

On the other hand, a rotation between two layers of two-dimensional materials oc-
curs naturally in heterostructures when the constituents have different lattice parameters,
forming Moiré patterns. Before exploring heterostructures, we will discuss the formation

of excitons in TMDs.

1.3 TMD’s bilayers: State-of-the-art

2D TMDs exhibit strong spin-orbit interaction, which breaks spin degeneracy in the
conduction band (MANZELI et al., 2017). They present a direct band-gap located at the K
point, and much weaker electron-electron interactions compared to their 3D counterparts.
For this reason, the electrostatic attraction between electrons and holes is stronger, re-
sulting in larger binding energies. Selection rules allow excitons to be classified as “bright”
or “dark”, depending on whether they couple with photons or not. Bright excitons appear
as intense peaks in absorption or photoluminescence experiments. Dark excitons, on the
other hand, have been proposed for use as qubits (MARAGKOU, 2015). The position of
dark excitons can be tuned by the electrostatic environment, doping, and temperature.

In this section, we discuss heterostructures of 2D TMDs before delving into excitons.

Ref. (AL., 2019) explored the effect of rotation between layers of MoSes and WS, on
the hybridization of chalcogen orbitals between layers. In a theoretical investigation based
on Density Functional Theory (DFT) calculations, Ref. (NAIK; JAIN, 2018) explored 2H
stacked bilayers of MX,, where M = Mo or W and X = S, twisted by 3.5° (AA stacking,
BS/Me " and BM/%) and 56.5° (AB stacking, BS/S, and BM°/M°)_ forming flat bands at the
top valence band region. As a result, they classified these morphologies as “magic angles”

of the studied species.

The study of the properties of layered 2D TMDs dates back to the early 1960s (AL.,
2013). The great interest in this type of study is justified by drastic behavior changes
observed when stacking two layers of 2D TMDs, such as transitions from indirect to direct
band gap (AL., 2017). Among the first experimental works reporting the modulation of the
twist angle between layers as a degree of freedom in homo- and heterobilayers of 2D TMDs,
the investigation conducted by Ref. (ZANDE; AL., 2014) stands out, where bilayers of CVD-
synthesized MoS; were studied. They established that S---S repulsions between layers

varies with the twist angle, and are responsible for modulating the electronic structure of
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the material.

Ref. (HUANG, 2014) found that the twist between layers of MoS, is responsible for
maxima and minima in the photoluminescence intensity ratio, with maxima at 0° and 60°
and minima at 30° and 90°. This study also reported DF'T calculations for the studied
systems, confirming the change in the interaction energy between MoS, layers tuned by
twist. On the other hand, Ref. (KANG; AL., 2013) pioneered the study of MoSs-MoSe;
heterobilayers twisted by 2° using a supercell of 6630 atoms. This study showed that the
modulation by twist of S---Se interactions between layers have a great influence on the
valence band profile of the material, which is quite localized, but exerts little influence on

the conduction band minimum.

On the other hand, theoretical studies exploring 2D TMD bilayers twisted by less than
3.5° can become challenging due to the formation of supercells with large numbers of
atoms. This motivated Ref. (NAIK et al., 2019) to propose a combination of the Stillinger-
Weber (SW) force field, to describe the intra-layer interactions, with the Kolmogorov-
Crespi (KC) potential, to describe the inter-layer interactions, for relaxation calculations
of MX,, where M = Mo or W and X = S or Se, in their homo- and hetero-bilayers. The
results of the relaxations performed using the SW-KC combination were comparable to

experimental parameters obtained from DFT calculations employing the LDA functional
with van der Waals corrections (vdW-DF-C09).

The breaking of certain symmetries, such as the mirror symmetry of 2D TMD mono-
layers, plays a fundamental role in determining the electronic properties of the material.
For this reason, the synthesis of Janus TMD monolayers is crucial for the development of
new materials based on 2D TMDs. The first experimental results reporting the synthesis
of Janus monolayers dates back to 2017. Ref. (LU; AL., 2017) reported the synthesis of a
MoSSe monolayer from a triangular nanoflake of MoS, synthesized by CVD on sapphire.
One of the S layers was exfoliated and replaced with a layer of Se, resulting in the final
material. Ref. (ZHANG; AL., 2017) reported the synthesis of MoSSe in multilayers starting
from multilayers of MoSes and revealed that sulfur (S) at 800°C can induce the sequence
S—Mo—Se-Se—~Mo—Se in the final product. Ref. (YIN et al., 2018) explored the energetic
properties of MoSSe using DFT/ Perdew-Burke-Ernzerhof (PBE) calculations, varying
the number of layers from 1 to 3. This investigation determined that the energetically
most stable bilayer MoSSe has an AC stacking, and that the variation of stacking modes
of Janus bilayers can modulate the bandgap of the material within the range of 0.81 eV

to 1.45 eV in the infrared and visible spectrum regions.

In parallel, Ref. (LI et al,, 2017) reported theoretical results for vertically stacked
MoSSe—WSSe bilayers, outlining that quasiparticle corrections significantly modify the
band structure of the studied materials, and excitonic effects play a dominant role in the

optical response. Additionally, vertically stacked bilayers of MoSSe—WSSe exhibit charge
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transfer effects between layers and type-II band alignment, which is desirable for energy

conversion materials.

The theoretical study conducted by Ref. (LONG et al., 2019) explores MoSSe bilayers
with Se—Mo—S---Se—Mo—Se interactions and relative rotations between the monolayers
of 13.17° and 21.79°. They found that the difference in electronegativity between S and
Se induces an intrinsic electric field, responsible for the type-II band alignment. The
contributions of the valence band maximum and conduction band minimum derive from
individual contributions between the monolayers that form the system. Moreover, chang-
ing the twist does not modify the observed band alignment for the non-rotated case.
However, variations in twist can affect the flatness of the band near the I'" point, which

determines the valence band maximum in the indirect bandgap.

Modifications in the polytype of monolayers can also induce distinct behaviors in 2D
TMD monolayers, motivating experimental studies aimed at modifying the synthesized
monolayer polytypes. The theoretical study of Ref. (ER et al., 2018) reports the results
for Janus monolayers formed by possible combinations of MXY, with M = Mo or W and
X, Y =S, Se or Te, for the 2H and 1T’ polytypes. They demonstrated that the charge
imbalance between atoms X and Y breaks the out-of-plane symmetry of the monolayer,
and the octahedral distortion brings the energies of the d.» orbitals closer to the Fermi

level.

Ref. (KRETSCHMER et al., 2017) also outlines the approximation of the d,2 orbital to
the metallic behavior of the 1T/2H polymorphic morphology of MoS,. This morphology
was synthesized by Ref. (LIN, 2018), who detailed the collective movements of chalcogen
planes responsible for the polytype change in monolayer domains through transmission
electron microscopy studies. However, there are no studies investigating polymorphs in
bilayers and the reciprocal effects between polymorphism and layer rotation angle in
homo- or hetero-bilayers of 2D TMDs, and how these parameter and morphology changes
affect the electronic structure of the systems. Such studies are essential due to the loss of

symmetries within and out of the plane of the material layers.

The advancement in the field of 2D TMD studies has primarily focused on compounds
that include transition metals from group 6, with MoS, being the most popularly studied
2D TMD. However, detailed studies of TMDs from other regions of the periodic table have
revealed interesting properties. For example, group 10 TMDs exhibit semiconductor-to-
metal transitions under strain and varying numbers of layers, as well as topological surface
states (MANZELI et al., 2017). Among the group 10 2D TMDs, PtS, stands out. It was
first synthesized in its bilayer form by Ref. (ZHAO et al., 2019), who observed the strong
covalent nature of the intralayer S---S interactions in the material, leading to a reduced

band gap.
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As described by Ref. (ZHAO et al., 2019) through experimental and theoretical stud-
ies, the strong hybridization between chalcogens from different layers is responsible for
the anticipated high electronic mobility of PtS; compared to its group 6 counterparts.
Literature works clearly describe how the electronic properties of PtSy change with the
number of layers. In a recent study, (DENG et al., 2019) evaluated PtS;/MoS, bilayers
with different twists, considering strain effects on the material. They observed that a 30
twist led to a peak in absorption, and changes in twist modulated the material’s band

gap. They also observed charge transfer from PtS; to MoSs.

Indeed, it is worth noting that only recently a Janus form of PtS,, namely PtSSe,
was investigated by Ref. (PENG et al., 2019), highlighting the lack of systematic studies
on Janus forms of this TMD in bilayers. Among the group 10 2D TMDs, PdSe, also
stands out. It has been synthesized in a controlled manner by Refs. (ZENG et al., 2018; LI
et al., 2018), exhibiting a pentagonal polymorph, which is distinct from the polymorphs
associated with group 6 2D TMDs and the 1T phase of PtS,. However, there are no
theoretical studies investigating the effects of twist in homo- or heterobilayers of PdSes,

which opens up opportunities for further investigations exploring this TMD in this context.

Chemical composition modifications, such as in Janus monolayers, and polymorphic
changes, as in the case of different polymorphs, lead to stress effects in the systems due to
the presence of regions with different atomic radii and lattice parameters. These effects
modify the orbital overlaps and, consequently, the electronic structure of the bilayer.
However, different levels of hybridization can also be achieved in materials whose layers
preserve symmetries within and between layers by applying stress to the material. Ref.
(BHATTACHARYYA; SINGH, 2012) investigated homobilayers of MoXs, where X = S, Se or
Te, and WY,, where Y = S or Se, under compressive normal stress up to 20 GPa, with
the studied bilayers exhibiting AA and AB stackings.

Indeed, it has been observed that all TMDs’ bilayers undergo a transition from semimetal
to metal with the application of stress, which differs from the behavior obtained for mono-
layers. The modulation of the material’s band gap has also been observed, and it can be
explained by the increased contribution of the chalcogen’s d orbitals to the conduction
band minimum and the decrease in the contributions from the metal’s d orbitals and the

chalcogen’s p orbitals as compressive normal stress is applied to the system.

Ref. (SHARMA et al., 2014) also observed semiconductor-to-metal transitions with
the application of tensile stress in heterobilayers of MoX,; and WX,, where X = S or
Se. They also observed changes in the effective electron mass through theoretical stud-
ies. Ref. (DONG et al., 2017) reported in a theoretical study that Janus homobilayers of
previously synthesized materials, such as MoSSe, in all stacking sequences without angle
rotation between the layers exhibit charge polarizations facilitated by compressive stresses

applied in- and out-of- monolayers’ planes. The observed results in this study can also
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be attributed to the differences in electronegativity between the chalcogen species being

investigated.

1.4 Twisted TMDs: Moiré Potential

When we stack two layers of TMDs, we can have both intralayer excitons, where the
electron and hole are located in the same layer, and interlayer excitons, where the electron
and hole reside in different layers. In fact, we can observe even an intermediate situation,
where the excitons are hybridized between the layers (LUCATTO et al., 2019). When the
layers are rotated with respect to each other, as naturally occurs in heterostructures, a
superlattice is formed, giving rise to excitons trapped in the Moiré potential, denominated

as Moiré excitons.

These Moiré excitons in TMDs possess large binding energies (>100 meV) and can
exist in either interlayer or intralayer configurations. Their optical activity depends on the
angular momentum and total momentum. Recently, these systems have emerged as an
interesting platform for achieving strong nonlinear effects in quantum optics and studying
interacting exciton states in confined potentials. Furthermore, the behavior of excitons
with rotational alignment, forming a Moiré pattern, is a topic of great current interest
due to its rich physics to be explored (SHIMAZAKI et al., 2020; BAI et al., 2020; LI et al.,
2020; ROSENBERGER et al., 2020; MERKL et al., 2020; HALBERTAL et al., 2021; ANDERSEN
et al., 2021; TANG et al., 2021; XU et al., 2021; BREM et al., 2020; BAEK et al., 2020; ZHANG
et al., 2020; SHABANI et al., 2021; CHOI et al., 2020; ERKENSTEN et al., 2021; FORG et al.,
2021).

1.5 Objectives of this work

In the current chapter, we have demonstrated the rich physics and strong technological
potential of layered twisted 2D materials. Moreover, since we know that bilayer graphene
can be gapped through the application of a bias (NETO et al., 2009) and that 2D materials
can host excitons with strong binding energies, we decided to investigate the presence of
excitons in TBG. The insertion of a twist came as an additional element since the more
common stackings of graphene were well studied theoretically already, and twisting the
layers of heterostructures can give rise to lots of interesting physical phenomena, as we
discussed. In this work, we explore the interplay of rotation, electric field, and pressure
in the electronic and optical properties of bilayer graphene. It builds upon prior research,
starting as an undergraduate research internship and progressing into an undergraduate
thesis (DUARTE, 2022), culminating in this masters dissertation.
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First, we model the atomic structure of TBG in the context of single-particle quantum
mechanics, showing how the lattice modulates the behavior of the electrons via the tight-
binding approximation (MARDER, 2010). Next, to study how this system screens its own
electronic interactions, we use a formalism adapted from the works of Adler (ADLER, 1962)
and Wiser (WISER, 1963) to layered 2D materials. Through this approach, we derive a
dielectric function, that describes electronic screening for any external potential. Finally,
to study exciton formation, we move up to many-particle physics in order to derive the
Semiconductor Bloch Equations (SBE) tailored to TBG, which will allow us to study the
excitonic spectrum and light interactions via optical properties, such as the absorption
spectrum (CHAVES, 2018; KIRA; KOCH, 2011).



2 Tight-binding model

2.1 Atomic structure

Here we will model TBG as two planar graphene layers, i.e., buckling effects are
neglected. We choose a coordinate system in which the layers are located at z = 0 and
z = d, such that d is the vertical distance between the layers. The unit vectors that
form the standard basis of 3D space are denoted as e;, © = x,y, 2. Each graphene lattice
is composed of two triangular sublattices A and B, and their crystalline orientations are
rotated relative to each other by an angle #. Fig. 2.1 shows the TBG lattice from the

reference point of an observer looking from above, in the direction —e,. The sublattice

y [A]

0.0 2.5 5.0 7.5 10.0 12.5 15.0
x [A]

FIGURE 2.1 — (Color online) Schematic representation in real space of TBG for 6(1,1) ~ 21.8° looking
from above. The unrotated layer (¢ = 1) is presented in blue bigger dots, and the rotated one (¢ = 2),
in orange smaller dots for clarity. The selected unit cell is highlighted using the primitive vectors L1, Lo
and black dashed lines. The primitive vectors and unit cells of each individual layer of graphene are also
shown.
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vectors can be explicitly written as

rai = ma; + nag, (2.1a)
rg; =ra + (a1 +as)/3, (2.1b)
r a2 = rot(6)ra + de, (2.1¢)
rpy = rot(0)rp + de,, (2.1d)

where m,n € Z, a;» = a(v/3e, £ e,)/2 are the primitive vectors of graphene, a = 2.46 A

is a lattice constant, and rot(6) is the rotation matrix

cosf) —sinf 0
rot(f) = |sinf cosf O] . (2.2)
0 0 1

The formalism developed in this section will be restricted to TBG structures with
a well defined superlattice and unit cell. In other words, the TBG superlattice must be
periodic. This is guaranteed if some atomic positions of different layers match horizontally,

which can be written mathematically as
mia; + njds = Meaj + Nodas (23)

for some sets of integers {mq,ny, ma, no}. This Diophantine equation is known in the re-
lated literature as the commensurate condition (SANTOS et al., 2007; MELE, 2010; SHALL-
CROSS et al., 2010; SANTOS et al., 2012). Its solutions are given in terms of an arbitrary pair
of co-prime positive integers p, q, such that the possible twist angles between graphene

layers are

(2.4)

3p*+3 2/2
H(p,q):arccos( P +3pg +4°/ >

3p% + 3pq + ¢>
The primitive vectors of the resulting superlattices are

q q . s
p+ —> a; + —ay, if qis disivible by 3,
L = RS (2.5)

pa; + (p+ q)as, otherwise,
LQ = I‘Ot(6OO)L1. (26)

For subsequent discussions, we will denote by R = mL; + nLy (m,n € Z) the super-
lattice vectors and by 9, the subset of basis vectors of the graphene layer ¢ = 1,2 that
define the unit cell of the superlattice, as illustrated in Fig. 2.1. Mathematically, d, is
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any lattice vector whose projection in the zy plane can be written as
xlqy +yLa, 0 < 2,y < 1. (2.7)

Any sublattice vector (2.1) can be rewritten generically as R+d,. The compact notations
Y= Z?:p >_r and > _; will be used to indicate sums over all layers, superlattice vectors

and basis vectors, respectively.

2.2 Tight-binding Hamiltonian

We make use of the tight-binding approximation to describe the Hamiltonian of TBG,
through the second quantization formalism. More information regarding this choice can
be found on Ref. (DUARTE, 2022). In a small range near the highest energy level occupied
by electrons of TBG in the ground state (namely, the Fermi level), chemical intuition, as
well as Density Functional Theory calculations (POLINT et al., 2008), tells us that the p,
orbitals are energetically dominant. This energy scale is commonly referred as low energy
physics in the literature, since it contains the electronic states more easily accessible in
experiments through external perturbations and will give us the insight about electronic
and optical properties we are interested in. Thus, our model will be restricted to the

electrons with states described by p. orbitals, denominated p. electrons for short.

Moreover, we need to introduce the creation and annihilation operators of p, electrons,
written generically in the forms 1/1;r and 1);, respectively. The operator 1/)3 creates an
electron with a state described by the index (or set of indices) i. The conjugate operator
¥;, on the other hand, annihilates that same electron. We also introduce the vacuum
state |0), i.e., the ground state where all the electrons occupy the lowest possible energy
states, respecting the Fermi exclusion principle. In this manner, all the electronic states
up to the Fermi level are occupied. Here we introduce the Fermi energy Er, defined as
the energy of the Fermi level. Since electrons are fermionic particles, the anti-commutator

relation
{vi 0]} =4 (2.8)
must be satisfied.
The tight-binding Hamiltonian in its simplest form becomes

Hip = > Y tR+8—R —8,)ch,scris,, (2.9)

o' 8,8, RR/

where ¢(r) is the transfer integral (SLATER; KOSTER, 1954; MOON; KOSHINO, 2013) and

cl is the fermionic operator that creates a p, electron centered at r. By assuring commen-
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surability (see Sec. 2.1), the atomic structure of TBG is guaranteed to be periodic. To

take advantage of this periodicity, we Fourier transform the operators cl using

e Rroopl (2.10)

T
R+6g \/— Z

, . : BZ .
where NN is the number of unit cells of the material and ) ;" is a sum over wavevectors

restricted to the first Brillouin Zone (BZ) of the material. The inverse relation

bls, = \/_ D e B0 (2.11)

is guaranteed by the orthogonality of the Fourier basis

D e R = Ny, (2.12)
R

for k restricted to the BZ. Using the Fourier transform (2.10) and the orthogonality

relation (2.12), we rewrite the Hamiltonian (2.9) in momentum space as

BZ
Hopp = Z Z Z Z eik-(R—i-ﬁz—ﬁz/)t(R +4,— 5[,)1)1&56[)1{5[” (213)

k L 8,5, R

where k is the Bloch wavevector and blag is the transformed basis, indexed by the finite

set of vectors d,.

We emphasize the importance of deriving a formulation for the Hamiltonian in a finite
basis. This allows us to numerically construct and diagonalize Hamiltonian matrices.
Here, we used the finite set of vectors §, to label this basis, taking the periodicity of the
infinite system into account. As will be shown later, the transfer integrals are position-
dependent functions that decay exponentially with distance. Thus, the infinite sum over

lattice vectors ) g in Eq. (2.13) can be safely truncated.

The basis also depends on the wavevector k, but the Hamiltonian is diagonal in that
index since there is no coupling between pairs of different wavevectors. In a sense, one
can think of Eq. (2.13) as a block diagonal matrix with respect to the index k. Since
the eigenvalues of a block diagonal matrix are exactly equal to the eigenvalues of each
separate block, each block can be diagonalized independently. Physically, this means we
can calculate the eigenenergies separately for each value of k, and the complete spectrum
of eigenenergies as a function of k forms the electronic band structure of the crystal in 3D
space, denominated simply as band structure in subsequent discussions for short. In later
sections, we will derive the complete form of the Hamiltonian we need to diagonalize, as

a function of a set of parameters, and explain further the nature of the diagonalization
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process.

2.3 Transfer integral

In the tight-binding picture, the transfer integral ¢(r) describes the energy parameters
associated with hoppings of electrons between different sites. In the particular case of
TBG, all sites are single p, orbitals. Since they do not all align vertically due to the
presence of two stacked graphene layers, geometric aspects of the p, orbital distribution
in space must be taken into consideration. We closely follow the clever procedure used by
Ref. (MIRZAKHANI et al., 2020) to handle this problem by considering that any interaction
between pairs of p, orbitals can be decomposed into pure 7- and o-like bonds, as will be

discussed in the following.

If r is the distance vector between two p, orbitals, then cosf,, = (r-e,)/r is the

cosine of the angle that r forms with the z axis, as shown in Fig. 2.2. Each p, orbital

7T — bond o — bond

. cos 0
P2 sin by, p- P

|pZ

P sinfpp D= €08 Oy

FIGURE 2.2 — (Color online) Interaction between a pair of p, orbitals, decomposed into 7- and o-like
interactions. The lobes are projected onto a pair of axis, one parallel and one perpendicular to the vector
r connecting the orbital centers.

can be decomposed into a p, cos 8, in the direction parallel to r, and a p, sin6,, in the
orthogonal direction. The p, cos 0,,-p. cos 8, interaction resembles a o-bond, and the
P2 sin 0,,-p, sin 0, one, a m-bond. Orthogonal interactions p, cos 0,,-p, sin ,, vanish due
to the opposite signs of the p, orbital globes. Denoting the pure o- and 7-like transfer

integrals by V,,,,(r) and V,,.(r), we can write
t(r) = Vipo (1) 08* O, + Vipre (1) sin 6, (2.14)

The final step to express ¢(r) in the same way as Ref. (MIRZAKHANTI et al., 2020) is to

apply cosf,, = (r-e,)/r and sin®6,, = 1 — cos®0,,,:

1) = Vi () (Z2) Vi) |1 (252 (2.15)

T r

Atomic orbitals have exponentially decaying tails far from their centers. For this
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reason, the pure o and m transfer integrals are also assumed to decay exponentially.
Thus, they are modelled as exponential functions with fitting parameters chosen to reflect
physical properties of the real system. First, the hoppings of the nearest neighbors in the
same layer (intralayer):

Vipr (aee) = VO a0 —2.7eV, (2.16)

ppm

and between different layers (interlayer):

Vipo(do) = VI~ 0.48eV. (2.17)

ppo

This values are set in agreement with the band structures of monolayer graphene and AB
bilayer graphene, respectively. The constant a,, = a/v/3 ~ 1.42 A is the carbon-carbon
bond length, and dy ~ 3.35 A, the distance d between graphene layers at equilibrium.

Second, the decay rate

i _ _V;Jpo(r) _ _Vppw(r)
o Vopo (1) Vppw(r)’ (2.18)

expressed in terms of the decay length g = 0.148a, where (") denotes a derivative with

respect to r. Under all these considerations, the pure transfer integrals are fitted as

T — Q¢e
Vypa(r) = V2, exp<— . ) (2.19)

r—d,
Vo (1) = V2_exp (_ - 0), (2.20)

We emphasize that, for pragmatic reasons, the transfer integral must be truncated
to a portion of near enough neighbors in order to truncate the infinite ) z sums of Eq.
(2.13) to finite sums. This is well justified since the transfer integral decay exponentially
as discussed previously. In this work, the intralayer hoppings are restricted to first nearest
neighbors, i.e., hoppings between carbon atoms distant by a... The interlayer hoppings,
on the other hand, are restricted to hoppings between carbon atoms distant by 4a.. at
most. In other words, the transfer integral for interlayer hoppings is only evaluated for

r < 4ae.

2.4 First order (classical) electric-field effect

By applying a uniform electric field £ = £e, to TBG, a vertical electric potential
v(z) = v(0) — £z is induced. We set the reference v(d/2) = 0, such that the potentials at
the graphene layers are v(0) = £d/2 and v(d) = —€d/2. In agreement with Ref. (NETO

et al., 2009), we include the first-order (classical) effect of an electric field perpendicular
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to the graphene sheets by adding the diagonal term
v v B2
HV = EZZS@C%_’_566R+52 = EZZSgbL&bkgz (221)
R £5z k (5[

to the Hamiltonian, where sy = 0, — 00 and V' = e[v(0) — v(d)] = e€d is the total
electric potential energy difference between the graphene layers. Following the convention
of Ref. (NETO et al., 2009), we will denominate V' as electric bias, for short, in subsequent

discussions.

2.5 Hamiltonian diagonalization and band structure calcu-

lations

Gathering Eqs. (2.13,2.21), we obtain the total Hamiltonian of the non-interacting p,

electrons of TBG under a vertical electric field

BZ
Ho=Hrs +Hy = Z Z Z h6g58/<k)b;r<52bk5w (2'22)

k 0 8,0y

where we defined the matrix element

v .
hows, (K) = S se0uwds,s, + D R BANTIIYR + 5y — by). (2.23)
R

To diagonalize the Hamiltonian (2.22), we introduce the Bloch operator
Al = D s, (k)b (2.24)
oy

where n is the band label and the Bloch functions u,s,(k) form a orthonormal basis. The

inverse relation

bI((Sg = Z U:Lag(k)ajlk (2.25)

is guaranteed by the orthonormality of the basis of functions w,s,(k) in both the indices

n and d,:

Z s, (K)uns, (k) = 95,5, (2.26)

> uhs, (K)tws, (K) = G (2.27)
&y
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Substituting (2.25) in (2.22) gives

Z Z Z Z h5252’ Tl(S[ k)un/(;(g, (k)a:fzkan’k' (228)

k W' 88,y nn'

The procedure of substituting ck .5, Operators by aLk operators through Eqs. (2.10,2.25)
and simplifying > g sums through Eq. (2.12) will be implicitly performed several times

throughout this work, every time we need to carry out Hamiltonian terms.

Since Hy must be diagonal in the basis al , Eq. (2.28) can be splitted into the pair of
nk

equations

Z Z h'(sé‘sg/ 77,5[ k)un’(sy (k) = Enk(snn’a (229&)

W 508,

BZ
=> Y Eual (2.29b)
k n

The Hamiltonian in diagonal form (2.29b) will be important for further derivations in this
work. The eigenvalues F, describe the energy bands of the system. On the other hand,
we need to solve the eigenvalue problem (2.29a) in order to calculate the energy bands

and Bloch functions. Using Eq. (2.27), we can rewrite Eq. (2.29a) in the standard form

Z hs,s, (K)uns, (k) = Enxtns, (k), (2.30)
s,

for matrix elements indexed by d, and d,.

To actually solve the eigenvalue problem (2.30) numerically, explicit values for k must

be sampled. Given the reciprocal lattice G = mGy + nGy (m,n € Z) and the primitive

vectors L
X e
G, =22 = 2.31a
! |L1 X L2| ( )
e, X Ll
Gy =2r———. 2.31b
2 IL; x Ly| ( )

The resulting BZ of TBG is shown in Fig. 2.3, with high symmetry points located at the
hexagon center I' = 0, the vertices K and the edge midpoints M. We emphasize that
all BZ vertices and midpoints are equivalent. For subsequent calculations in momentum
space, we sampled k-points in the sampling region highlighted in Fig. 2.3, unless stated
otherwise. This region is another valid reciprocal unit cell for the material. For simplicity,

we used rectangular grids with N; sampling points in the ¢ = 2/,4y’ directions. The
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FIGURE 2.3 — (Color online) Reciprocal lattice associated with TBG. In order to explicitly draw the
lattice, we arbitrated a twist angle of 6(1,1) ~ 21.8°. The big dots are the lattice points G = mG1 +nGy
(m,n € Z), the vectors Gi 2 are the primitive vectors of the lattice, and the small dots are the sampled
points (2.32). For illustrative purposes, unrealistically small values of N,/ ., were used. Some high-
symmetry points are indicated (T', K, M).

sampling points are written explicitly as

Ny \/g Ty T Ny \/g
knz/ny/ - (N_QJ/TG‘Q c €y + N_y,GQ . e:p) e, + (]\;;/ G2 c €y — E?Gz . em) €y, (232)

Y

where n; =0,1,2,..., N; — 1. The total number of sampling points Ny = N N,, will also
act as the number of unit cells that constitute our material. Moreover, it will be treated

as a convergence parameter. As Ny increases, we expect that our calculations converge.

2.6 Results

Using the tight-binding model derivated in this chapter, we investigated the interplay
of twist angle, electric bias, and vertical pressure in TBG. The later is mimicked by varying
the interlayer distance d away from the equilibrium position dy = 3.35 A. For sufficiently
small unit cells, the eigenvalue problem (2.30) can be solved completely using a numerical
algorithm, for each sampled k-point in agreement with (2.32). This allows us to calculate
all the energy bands FE, and, therefore, we say that the Hamiltonian (2.22) can be fully

diagonalized numerically in momentum space, in agreement with (2.29b).
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In Fig. 2.4 we show the band gap of TBG for all the twist angles [Eq. (2.4)] that
generate unit cells of less than 500 atoms as a function of electric bias and interlayer
distance. The combined effect of twist, electric bias, and pressure can open band gaps of
up to 200 meV, which turns TBG into a narrow gap semiconductor. Twist angles of the
form 6(1,3k) (k € Z) show a particularly convenient gap profile. In general, the gap of
these structures increases as a function of decreasing d until some optimal value where the
gap is maximum. This optimal point is brought closer to the equilibrium level d = d; as
V increases. This property is useful since it shows that applying an electric bias is an easy
way of decreasing the necessary pressure to maximize the band gap, which is important
for experimental purposes. In Fig. 2.4 we also show, however, that the gap opening is
highly sensible on the twist angle, which by itself can be tough to accurately control in
an experimental setting and might make the reproduction of this result a bit challenging.
On the other hand, since experiments with TBG lattices for twist angles as low as 1.1°
were already reported in the literature (CAO et al., 2018), we are confident that the lattices

being mentioned in Fig. 2.4 can be feasibly achieved experimentally.

The next step was to fix a set of 8, V, d parameters, in order to study exciton formation.
In Fig. 2.5 we present the band structure of TBG for 6(1,6) ~ 46.8°, V =3 eV and d = 2.8
A, through the path T —M — K — T (see Fig. 2.3). For this choice of parameters, TBG
becomes a semiconductor with an estimated gap of around 90 meV. The bands are highly
hybridized between different layers near the Fermi level, which suggests that the formation
of excitons might not be clearly intralayer nor interlayer. This is further investigated on
Section 4.3 of this work.
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FIGURE 2.4 — (Color online) Band gap of TBG for twist angles that generate commensurate unit cells
with less than 500 atoms. The band gap is evaluated as a function of electric bias V' and interlayer
distance d. The decreasing of the later mimicks the application of vertical pressure.
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FIGURE 2.5 — (Color online) Electronic band structure of TBG for §(1,6) ~ 46.8°, V =3 eV and d = 2.8
A. The energy reference is the Fermi level, set to Er = 0 €V in the vertical axis. The color map indicates
layer composition of either the bottom (¢ = 1) or top (¢ = 2) layers. We focus our attention on the band
gap opening and, moreover, on the layer composition and dispersion profile of the highest valence and
lowest conduction bands, where the interband transitions associated with the formation of excitons are

more likely to occur.



3 Dielectric screening

In Chapter 2, the electronic structure of single-particle excitations, considering non-
interacting electrons, was described through the tight-binding formalism. To describe
exciton formation, we must add many-body interactions to this model, i.e., electron-
electron and electron-hole interactions. Before discussing how we approach this problem,
in this chapter, we define the static dielectric function of TBG, denoted by the letter
¢, which will describe how the system is polarized due to the application of an external
electric field and how this polarization screens the electrostatic response of the system
itself. In this work, the dielectric function is calculated in the context of the Random
Phase Approximation (RPA) (BOHM; PINES, 1951; PINES; BOHM, 1952; BOHM; PINES,
1953) for a periodic system (ADLER, 1962; WISER, 1963).

3.1 Fourier transforms

For a system of electrons perturbed by a dynamic external potential ¢, the RPA
states that the electrons will respond to ¢e and a screening potential ¢, induced by
electrons themselves. Like any well-behaved 1D function, the time dependence of eyt
and other relevant physical quantities can be Fourier transformed to frequency domain

through the convention

dw —iw
Gext (T, 2, 1) :/%e tgbext(r”,z,w), (3.1)

with the inverse relation

Gexs (1)), 2, W) = /dtei”t¢ext(r|,2,t), (3.2)

where r|| is an in-plane real space vector, z is the out-of-plane coordinate, ¢ is time and w
is frequency. This gives the spectral composition of ¢ in terms of pure harmonic com-
ponents as a function of the oscillation frequency w. As will become evident in subsequent
discussions, we will be solely concerned with the electronic response in the static regime,

where w goes to zero. Physically, this means the external potential must be constant in
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time.

Similarly, the in-plane real space dependence of ¢ and any other relevant one-body

quantities are Fourier transformed to momentum domain through the convention
1 ik-r
Gun0],2) = 5 3 ek, 2), (3.3)
k

where S is the total surface area of the 2D material. In the case of TBG, we have

S = Ni||L; x Ly||. The inverse relation is
dext(k, 2) = /dr” e’ik'r\\gﬁext(r”,z). (3.4)

For ease of notation, we will use r = r| and a superindex ¢ to indicate the z-dependence
restricted to z = 0 ({ = 1) and z = d (¢ = 2) from now on. The dielectric function is

defined as the function that satisfies
L) = [ e )o ), (3.5)

where ¢ = eyt + ¢ser- The inverse dielectric function is defined through the orthogonality

relation

/dr ew(rl,r)e_lw(r, ry) = Oprd(r; — 13), (3.6)

which allows us to rewrite (3.5) as

o) = [are il ). 37)
The dielectric function (and analogously, its inverse) is Fourier transformed through the
convention .
e (r, 1) = 5 Z ekret (k K)e K (3.8)
Kk’

whose inverse is

¥ (k,K) = /dr/dr’eik'rew(r, r')el T (3.9)

The orthogonality relation becomes

Z Gw(kh k)e_lw (k, ko) = 0 Ok, ks - (3.10)
Kk

Using the Fourier transform conventions (3.3,3.8), we can take (3.5,3.7) to momentum

space:

et (k) = D ek, k)¢ (K, (3.11a)

k/
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¢'(k) =) e (k,K)gh, (K). (3.11b)

k/
Equations (3.11a, 3.11b) relate the external and total potentials in momentum space
through the direct and inverse dielectric functions. They will be the starting point for
the discussions of the next Section, where we will establish the formalism necessary to

perform dielectric function calculations in momentum space.

3.2 Formalism

In this section, we present a procedure derived to express the dielectric function solely
in terms of eigenenergies E, and overlap of wavefunctions w,s(k) of the unperturbed
system, described by the Hamiltonian H as discussed in Chapter 2. This is an adaptation
of the works of Refs. (ADLER, 1962; WISER, 1963) for layered 2D materials. We will
consider that the potential at k is only affected by k/ = k and its periodical repetitions,

which can be included in our model by restricting the dielectric function to

e (kK) =D (kK)o (3.12)
G1

The remaining contributions are assumed to average out to zero, which is well justified
in the context of the RPA. In fact, we could go a step further and restrict the screening
contributions to the dominant term G; = 0 (k' = k) only, meaning that the dielectric
function would be approximated to a local function in momentum space. However, the
formulation (3.12) allows us to be a bit more broad, and inspect how the terms G; # 0
affect the screening if necessary. Expanding k, k' as k = q + G, k' = ¢ + G/, with
q,q wavevectors restricted to the BZ and G, G’ reciprocal lattice vectors, (3.12) can be

rewritten as

EM’(q + G, q’ + G,) = Z ew(q + G, q’ + G,)5q+G+G1,q’+G’ (313)
Gy

=> (q+G,q + G)igrc q (3.14)
G

= Eg/G’ (9)0q.q'; (3.15)

where we defined et (q) = ¢ (q + G,q + G'). Using this result, we rewrite (3.10) as

. e
eic(@e ' e, (@) = dnnda c, (3.16)
(G
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and, subsequently, (3.11a, 3.11b) become

L@+ G) =) eda(@d’ (a+G), (3.17a)
’G
$'(a+G) = e laa(@)olyla+ Q). (3.17h)

When excitons are formed in TBG, the electron-hole interaction is screened by its
surroundings. This effect must be taken into account in order to describe the excitonic
spectrum accurately. As mentioned previously, in this section we present a formalism
adapted from Refs. (ADLER, 1962; WISER, 1963) to take the screening effect into account
through a description of the linear electronic response of the p, electrons of TBG in light of
the RPA. The electronic distribution fluctuations around the ground state are associated
to a certain induced potential ¢;,q. To study how excitons are formed in this system, one
might think they would need to know the exact form of ¢.. We will, however, approach
this problem in another way, by associating a dielectric function that will establish a direct

relation between ¢e, and the total potential ¢ = Gexi + Pind-

We treat each carbon site of TBG as a point charge, such that variations in charge

density due to fluctuations near the Fermi level can be written as
01(r)0(2) 4+ o2(r)d(z — d), (3.18)

where oy(r) is the surface charge density fluctuation of layer ¢. The induced potential
is obtained through the solution of the Poisson equation for the charge density given by
(3.18):

V2na(r, 2) = — [04(1)8(2) + 0a(r)6(= — d)] (3.19)

€0

We Fourier transform this equation and obtain the solution in momentum space

na(l) =D 0 (k)ow(k), (3.20)

El

where ¢q is the Coulomb potential without screening

55@/ + (1 — 5ggl)e_kd
260]{7 ’

¢ (k) = (3.21)

denominated bare Coulomb potential. This potential acts on the system through the
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one-body Hamiltonian

Hina = —€Y_ > "R+ 8;)ch,s,rrs, (3.22)
6, R

BZ
_EZZZ#(MG ZZM (k,q, G)afyamirq,  (323)
q y4 G

where we defined the overlap term

Mﬁnn (k,q, G Z Ung e lGé[un’tsz (k+q). (3.24)

Now we consider the Liouville equation

one of the fundamental equations of statistical mechanics (HUANG, 1987). This equation
describes the evolution of a quantum system of particles in terms of the distribution
function p in phase space associated to a Hamiltonian . For the unperturbed system,
we have H = Hg and p = py, where pgy is the well known distribution of the system of

independent electrons following the Pauli exclusion principle. Thus, we can write

polnk) = f(Enx)|nk), (3.26)

where f(FE) is the Fermi-Dirac distribution

1
eXp{(E — EF)//{?BT} + 1,

f(E) = (3.27)

where kp is the Boltzmann constant and 7T is temperature. Notice that, as T" approaches

zero, Eq. (3.27) simplifies to

1, if E < Ep,
f(E)=X1/2, if E = Ep, (3.28)
0, if £ > Ep.

This equation shows that, in the ground state (T = 0), only the states below the Fermi
level (namely the valence states) are occupied. The states above the Fermi level (namely

the conduction states) are all unoccupied.

The unperturbed distribution py commutes with #H, since (2.29b,3.26) show they are

simultaneously diagonalized by the basis of Bloch states |nk). For this reason, the unper-
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turbed distribution remains static in time since the Liouville equation (3.25) in this case

can be simplified to

—ihé’tpo = [%o,po] =0. (329)

Now we set H = Ho + Hing and consider fluctuations pi,q around the distribution py of
the unperturbed system H,, whose eigenstates are |nk) = alk |0). Thus, p = po + Pind-
On the other hand, pi,q is closely related with fluctuations in the charge density through

oo(r) = —e > _6(r = R—8)(R + &|pima| R + 80), (3.30)
5R

which is Fourier transformed to

o(q+G) = —ezz (Mgm (k, q, )>* (nk|pima|n'k + q). (3.31)

nn’

To explicit the matrix elements of pyq in the basis |nk), we recognize that, as a
first order approximation, the differential equation (3.25) can be linearized by setting
Pind Proportional to the perturbation H;,q. Under this consideration, the commutator

[Hind, pina) Will vanish, and so will [Ho, po] and 0;pg as we recall from (3.29). Thus,
—1h0;pina = [Ho, pina] + [Hind, po)- (3.32)

The final step is to recognize that, in the static approximation, pi,q will vary slowly.

Therefore, setting 0;ping &~ 0 gives

f(Ene) = f(Ewkia)

nk|Hina|'k +q), 3.33
) ) i) 3

(nk|pinaln’k + q) =

which we apply in (3.31) and explicit the matrix elements (nk| Hi.q [n'k + q) by recalling
(3.23) to obtain

2 B
nn' * f(Enk) = f(Enierq)
q + G S Z Z (MK » Ay )) E:k _ En/k+l(:+q X

x> Y ¢ (q+ G)Mp (k,q, G). (3.34)

oG’

nn'
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Merging (3.20) with (3.34) and rearranging some terms results in

ma(a+G) = Zo% a+G)D o) (la+G|)x

glG/ EU

BZ
nn’ * f(Enk) - f(En’k+q) ! ,
X ; g (M 7 (k7 q, G)> Enk _ En’k+q My, (k, q, G ), (335)

which establishes a relation between ¢;,q and ¢ solely in terms of energies and overlap of
wavefunctions both associated to the unperturbed system alone. Putting this aside for a
moment, we recall that ¢ = @ex; + Pina and use the dielectric function definition (3.17a)

to derive another relation between ¢;,q and ¢:

ina(d+ G) Z ¢ (q+ @) [dwice — et (a)] - (3.36)
Z/G/

Now we compare Eqs. (3.35, 3.36) to arrive at the final expression for the dielectric

function

2
/ e 7
cca (A) = duwdca — 3 > o (la+ Gl)x

ZII

BZ
« Z Z (Mé}/n/(k, q, G)) f(Enk) B f(En’k-‘rq) Mg/m/(k, q, G/), (337)
nn'/  k

Enk - En’k+q

which can be seen as a set of matrix elements indexed by {¢, G} and {¢', G’}. In the limit

of zero temperature, we can explicit values for f(Ey) using (3.28) to rewrite (3.37) as

2
’ e "
e (@) = dwdae + 3 > ot (Jla+ Gl)x

E//

XD Z (Mp™ (k,q, G))" Mp™ (k,q, G)
Enck - Envk+q
(M (k,q, G))” My (k,q,G')

Enck+q - Envk

+

neny  k

+

, (3.38)

where n. (n,) is a band index that sums over conduction (valence) bands only.

At last, we emphasize that, for q of small norm, the dominant terms efy can be

simplified in light of the Rytova-Keldysh potential (RYTOVA, 1967; KELDYSH, 1979) for

2D systems. In this case, it takes the form

cGa (@) = (6w + 10 q)dcodcro, (3.39)

17

where r5 are constants.
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3.3 Results

The dielectric function was calculated using (3.38) restricted to the reciprocal lattice
vectors G = G’ = 0, for the TBG system defined by the parameters 6(1,6) ~ 46.8°, V = 3
eV and d = 2.8 A. The result is presented in Fig. 3.1 for { = ¢ = 0 and G = G’ = 0,
showing a close to isotropic behavior. The remaining matrix terms manifested a very
similar profile qualitatively. In Fig. 3.1, the dashed line shows the path followed by the
peak of the dielectric function. We verified that the peak value strictly increases with
increasing Z/q. Given that q = (0, ¢;"™), (¢7*™,0) maximize the dielectric function at
¢: = 0 and g, = 0, respectively, we evaluated the ratios €39 (0, gy maz)/€og (2, 0) ~ 1.08
and ¢;"* /gy ~ 1.21. This ratios provide a rough quantitative picture for the anisotropy
of the dielectric function, which forbade us to simplify the dielectric function to a ||q||-
dependent function. Despite of that, we were able to verify that the dielectric function
presents a linear dependence with respect to q for small ||q|| values and goes to 1 at q = 0,
in agreement with (3.39) for rgzl ~ 300 A. The exact fit value for rggl, however, is highly

dependent on Zq, which is another indicator of anisotropy.

15.34
0.6
13.00
0.5
_ 11.00
=04
o O
R4 9.00
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S g2
- 0.3 W
i 7.00
8
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I

o
N
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0.1 3.00

0.0 1.00

0.0 0.1 0.2 0.3 0.4 0.5
Rotated gy axis [A~1]

FIGURE 3.1 — (Color online) Dominant term ({ = ¢/ = 0, G = G’ = 0) of the dielectric function in
momentum space (3.5), as a function of the transferred momentum q, calculated in a rectangular unit cell
as shown in Fig. (2.3). The dashed line shows the path followed by the peak of the dielectric function.



4 Excitons

4.1 Dielectric screening of the electron-electron interaction

We start by following an approach very analogous to Sec. 3.2, but this time we treat
the potential of any p, electron in TBG, placed at site r; and layer /1, as the “external”
potential acting on another p. electron placed at site r, and layer /. We denote this

external potential by ¢5**(ry,rs) and the screened total potential by ¢ (ry, ry).

The total potential can be expanded in plane waves applying the Fourier transform

(3.3) with respect to the real space of ry positions:

"2 (ry,19) =3 ZZQSM? ry,q+ G)ellatGrz, (4.1)

Now we rewrite the dielectric function definition by analogy with (3.5):
1420
¢€1€2 (rlv q + G) = Z € léG’(q) o (rh q + G ) (42)
oG’

[3%4 2(

The bare Coulomb potential satisfies ¢y (r1,12) = ¢€1£2 (rg —rq), which allow us to apply

the translation property of the Fourier transform
8%(r,a+ G) = 65%(|a + Gl)e 19O, (43)

recognizing that the Bare Coulomb potential in momentum space ¢5*(|q + G|) has the
exact same form as (3.21). Substituting (4.2) and (4.3) on (4.1), we get

¢£1€2 (I‘ 1‘2 Z Z wéé/ q+G rze—l(q+G )- r1 (44)
q GG’

where we defined the screening term

142 —1620 1
ac(a) :ZE e () ”(|Q+G|) (4.5)
El
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The interaction between p. electrons originated from this potential is a two-body operator

€ 00
Heo = = E E : E ¢ (Ry + 64, Ro + 552)(:;1”41 ckﬁ% CRy+8,,CRi+6,,  (4.62)
5142 5[1542 R1R2

BZ
Y TS S s @M e, @) M s, )

l142 ninanzns kiks q GG’

T T
X a’nlk1+qan2k2an3k2+qan4k17 (46b)

where the factor of 1/2 is included to avoid double counting.

4.2 Semiconductor Bloch Equations

To derive the Semiconductor Bloch Equations (SBEs), we first define the full Hamil-
tonian

H = Ho + Hee + Hi, (4.7)

where H; is the dipole energy term related to the interaction of p, electrons with the
classical electric field € of the incident light:

BZ
H=-Y €. (dzv(k)ai’kav,k n dcv(k)a;kac,k) : (4.8)
k

where d, (k) is the dipole moment matrix element
dev (k) = (ckl|7|vk), (4.9)

and we defined

Hie=2_ D haw, (k)b bis, (4.10)

W 5,8,

The next step is to calculate the Heisenberg equation of motion

104 {(pes(K)) = {[H, peulk)]), (4.11)

where pg, (k) = aikavk is the reduced density matrix restricted to the uppermost valence
band (v) and lowermost conduction band (c). This is well justified since the transition
from v to cis the most likely since it requires less energy, and is commonly referred to as the

two-band approximation. Solving Eq. (4.11) involves calculating the commutators of the
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right-hand side for each term of the Hamiltonian, which is a lengthy and tedious process
that requires repeated applications of the commutation and anticommutation relations of

creation and annihilation operators of fermions
{a'Ilel ) a’”Zkz} = 5n1n25k1k27 (412&)

[amklv an2k2] = [G’Ihkl’ a22k2] =0. (412b)

The careful derivation of these commutators are presented in Appendix A. It is important
to keep in mind, however, that the full analytical form of these commutators will give rise
to an infinity hierarchy problem of n-body operators, n = 1,2,3,.... To obtain a closed
set of equations that can be solved numerically, truncations must be performed. We will
follow the approach of Ref. (CHAVES, 2018), that neglects three-body and higher order

terms. The resulting equation is

BZ

h(w - (Dk)pcv S Z K k k, pcv(k/> d (k> ’ 87 (413)

where pey(k) = (al, ay) is the interband transition energy. This is the final form of our

SBEs, but some terms must be explicitated. First, the optical band @y,
(Z]k = Eck - E’Uk + Eku (414)

renormalized to include electron-electron effects through the exchange self-energy

Z > Z YaG ()M (k, q, G))* M (k, q, G')+

3152 GG/ q
— (Mg¥(k,q,G))" M (k,q,G")]. (4.15)

That is analogous to a GoWj correction. Second, the kernel
K(kK)=> > 4gd K - k) (Me(k K -k G) M (kK -k G, (4.16)
01ty GG’

which can be thought of, in simple terms, as the term that accounts for the electron-hole

Coulomb interactions. At last, the dipole term, which is rewritten as

(ck|VHik|vk)

dey(I) = (ckfluk) = “Z

(4.17)

For further information about the derivation of Eqs. (4.13, 4.14, 4.15, 4.16, 4.17), refer to
Appendix A.
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To evaluate how the excitons are arranged in the material, we evaluate the electron
and hole layer compositions for the first 20 bound exciton states. The equations for the
probabilities that the electrons and holes of each exciton state are located in the top layer
of TBG are

ele Z Z |u052 pcv 0 )’27 (4183)
k
hol - Z Z |UU52 pcv 0 )|27 (418b)

where u,s,(k) and u.s,(k) are the single-particle electron wavefunctions for the highest
valence and lowest conduction bands, respectively. Values close to 1 (0) indicate localiza-
tion of electron or hole in the top (bottom) layer. Values close 0.5, however, will indicate

hybridization of the electrons or holes between the layers of the material.

At last, the polarization tensor is derived by means of the Maxwell equations summing

all the microscopic electron-hole dipoles, yielding

’ij S Z cv z pcv,j ) (419)

where i, j denote the generic components (z of y) of the vector fields d.,(k) and p., (k).
The absorption spectrum is defined as the portion of light absorbed by the system through

the formation of excitons.

4.3 Results

All reciprocal space calculations of this section were calculated using an auxiliar 2D
rectilinear grid, in a similar fashion with the one discussed in Sec. 2.5. When considered

useful, the plots are presented for rectangular regions bigger than one reciprocal unit cell.

4.3.1 Optical band

The optical band of TBG, defined as the transition energy between lowest conduction
and highest valence bands with a GoWj gap correction, shows interesting 6-fold symmetric
patterns. In Fig. 4.1 we present the optical band of TBG for (1,6) ~ 46.8°, V = 3 eV
and d = 2.8 A, showing a profile that resembles a flower of 6 petals. The maximum is
localized in the I' point, and the minima is 6-fold degenerate and localized in the edges
of the BZ. We observed that the gap correction ), by itself does not change the overall

qualitative behavior of the optical band. However, it dramatically increases the energy
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FIGURE 4.1 — (Color online) Optical band (4.14) of TBG for 6(1,6) ~ 46.8°, V =3 ¢V and d = 2.8 A.
The optical bands forms a 6-fold shape, resembling a flower, with 12 degenerate minima located at the
edges of the BZ, which is the hexagon contoured using dashed black lines.

gap, corroborating that band gap renormalizations are very significant for the calculation
of quasiparticle excitations in 2D materials and must be taken into consideration in order

to make accurate predictions.

The optical band minimum convergence was studied as function of the 2D reciprocal
rectilinear grid granularity, quantified by a parameter N, that gives the number of grid
points in one direction. The number of points in the remaining perpendicular direction was
set to be proportional to IV, and keep the spacing approximately equal in both directions
and across the entire grid. As a result, we verified that the convergence of the optical band
minimum miny wy as a function of 1/N, follows a linear trend, which yields a converged

value of minyg wyx = 135 meV for 1/N, — 0 (N, — 00).

4.3.2 Exciton wavefunctions and binding energies

(n)

cv,0

The exciton wavefunctions p,, (k) and energies w(()”) (n=1,2,3,...) are obtained by
setting the right-hand side of (4.13) to zero and solving it as an eigenvalue problem. All
calculations were performed considering TBG for 0(1,6) ~ 46.8°, V' =3 eV and d = 2.8
A.In Fig. 4.2 we show the first 80 exciton energies, which are all below the optical gap
minimum ming wy, for a fixed N, value. Therefore, we observe a rich spectrum of bound
excitons, i.e., excitons with energies below the optical band minimum. Here we emphasize
that exciton energies and optical band minima must always be compared under the same

value of Ny, i.e., exciton energies for a finite N, value must not be compared with the
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FIGURE 4.2 — (Color online) Spectrum of the exciton energies of TBG for 6(1,6) ~ 46.8°, V =3 eV and
d = 2.8 A. We used Ny = 8600 sampling k-points (see Eq. 2.32). The first 80 exciton states from the
lowest to the highest energy are presented, showing several degenerate sets.

converged optical minimum and vice-versa.

The lower exciton wavefunctions must be localized near the most likely formation
points in reciprocal space, i.e., the points were the optical band is minimum. Fig. 4.3
presents the lowest exciton wavefunction for a certain N, value, showing that it forms
a dome maximized in a point that corresponds to one of the degenerate optical minima

shown in Fig. 4.1. The convergence of this wavefunction was not too harsh, and the dome

0.18
1.50 0.16
1.25 0.14
0.12

1.00
5 0.10
X' 0.75 0.08
0.50 0.06
0.04
0.25 0.05
0.00 0.00

0.0 0.5 1.0
kya

1P (k)]

FIGURE 4.3 — (Color online) Wavefunction pﬁ?}),o(k) of the lowest exciton of TBG for 0(1,6) ~ 46.8°,
V=3eVandd=28 A, obtained through the solution of the homogeneous SBE, also known as Bethe-
Salpeter equation (see Eq. 4.13). The wavefunction presents a stretched dome shape with a peak whose

position in momentum space was verified to coincide with one of the minima of the optical band.

manifests strong anisotropy with respect to a pair of perpendicular directions in reciprocal
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space.

The convergence of the exciton states must also be considered, with respect to NV,. We

performed a convergence study of the lowest exciton energy w(()l) as a function of 1/N,,

observing that if follows a linear trend. Therefore, we verified that wél) — 77 meV when

1/N, — 0 (N, — 00). Thus, we obtain a converged binding energy of miny wy — w((,l) =58
meV for the lowest exciton, which is an intermediate value in the sense that its much
greater than the exciton binding energies found in 3D materials, yet much smaller than the
binding energies of 2D semiconductors with greater gaps. This binding energy, however,

indicates that TBG can form a rich spectrum of excitons with robust binding energies.

The exciton hybridization between layers was evaluated using the probabilities that
electrons and holes are localized in one layer or another (4.18a, 4.18b), as shown in Fig.

4.4. All probabilities are close to 0.5, which denotes a spectrum of bound excitons with

Top
- Pe[e
s P
Hybridized -
Bottom -
1 5 10 15 20

First 20 bound states

FIGURE 4.4 — (Color online) Bar plot of electron (Peie) and hole (Ph1) probabilities of being localized in
the top or bottom layers (see Eqs. (4.18a, 4.18b)) of TBG, for 6(1,6) ~ 46.8°, V = 3 eV and d = 2.8 A.
We used Nx = 8600 sampling k-points (see Eq. (2.32)). Higher (lower) bars indicate probability values
closer to 1 (0). All probabilities are close to 0.5, indicating high exciton hybridization between layers.

strong hybridization between the layers of the material.

4.3.3 Absorption spectrum

The dipole moment was calculated in terms of matrix elements of the gradient of the
unperturbed Hamiltonian, as stated in (4.9). The result is present in Fig. (4.5) for our
chosen TBG system, showing an interesting 3-fold shape. The brightest regions show the

points were the system will interactly more strongly with light, which are all inside the
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FIGURE 4.5 — (Color online) Dipole moment (4.9) of TBG for (1,6) ~ 46.8°, V =3 ¢V and d = 2.8 A.
We used Ny, = 8600 sampling k-points (see Eq. (2.32)). The arrows indicate the distribution of the dipole
moment as a vector field in momentum space. The colormap, on the other hand, displays the magnitude
of the dipole moment at each points, such that the brighter regions, where the excitons interact more
strongly with light, coincide with the positions where the vector field arrows are bigger. The dipole forms
a 3-fold shape, centered at the K points.

BZ and not localized in any particular high-symmetry point except for I'.

The absorption spectrum is obtained through the polarization tensor (4.19), which by
itself is calculated in terms of the interband transition band amplitudes p,,(k,w) that are
solutions of (4.13) for a non-vanishing independent term on the right-hand side. Notice
that, in this case, (4.13) must be solved as a linear system for a fixed value of w. The
absorption spectrum, presented in Fig. 4.6, shows several peaks, which shows that TBG

hosts a rich spectrum of bright excitons, i.e., excitons that can be accessed through light.
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FIGURE 4.6 — (Color online) Absorption spectrum of TBG for 6(1,6) ~ 46.8°, V = 3 eV and d = 2.8
A. We used Ny, = 8600 sampling k-points (see Eq. (2.32)). The spectrum shows a dome-like shape with
several peaks. The highest peak is located close to 0.3 eV, and the remaining ones are concentrated to
its right. Below 0.1 eV, the absorption is almost zero.



5 Conclusion

In conclusion, we were able to study the low energy physics and exciton formation
of TBG. First, in Chapter 2 we applied the tight-binding approximation to model the
dominant p, electrons as a non-interacting gas, which accounts for the effect of the ions
of the lattice in the electron system. Through this approach, whose numerical implemen-
tation is discussed in greater detail in the previous work (DUARTE, 2022), we were able to
model commensurate unit cells of TBG for arbitrary twist angles and reproduce electronic
band structure results without the need for geometric relaxation at big angles. Then, we
studied the band gap of TBG for all twist angles that generate unit cells with less than
500 atoms as a function of applied vertical bias and pressure. No systematic trend was
observed, strongly indicating that the complex lattice of TBG does not have any symme-
try protection of the gap. The band gap is opened only for some choices of twist angle,
with no particular relation encountered either, and does not surpass 200 meV, which is
enough to state that TBG will be a narrow band gap semiconductor when the gap opens,
or remain a semi-metal when it does not open. The band gaps for the family of angles
0(1, 3k), however, exhibit a common qualitative profile, where the maximum value can be

achieved with lower pressure by applying the bias.

Next, in Chapter 3 we derived a formalism for the two-body interaction screening in
TBG through the dielectric function, which was used both in the context of electron-
photon and electron-electron interactions. For the scope of this work, it was sufficient
to restrict the dielectric function to the dominant term G = G’ = 0, which exhibits a
profile which seems isotropic to the eye with respect to q. The anisotropy, however, is
still relevant, and the behavior near q = 0 follows a linear trend as expected, which could

be fitted in agreement with the Rytova-Keldysh potential with a ~ 300 A slope.

Chapter 4 is the most important part of this work, were we used the tools we developed
to study exciton formation on TBG under bias and pressure, through the SBE formalism
whose foundations are well established. We were able to derive the SBE for a common set
of approximations, reaching a final equation which was solved in two ways: first, by setting
the independent term to zero and solving the resulting equation as an eigenvalue problem
to obtain the excitons energies and wavefunctions; second, by normalizing the electric

field of the light and solving the equation as a linear system for fixed values of photon
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frequency w in a range, obtaining the vector field of interband transition amplitudes
Pev(k,w). Through the former, we were able to observe a rich spectrum of bound excitons
and a converged binding energy of ~ 60 meV for the lowest exciton. The optical band
was calculated with GoW{ gap correction was considered in order to obtain more reliable
results, showing the formation of 6-fold shape band structures with degenerate minima
in the edges of the BZ. With the calculated interband transition amplitudes, we were
able to calculate the polarization tensor of the system and, consequently, the absorption
spectrum, which showed several peaks indicating that TBG is a potential exciton host

platform with a rich spectrum of bright excitons accessible by light.
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Appendix A - Detailed derivation of the

Semiconductor Bloch Equations

In this Appendix we present a possible way of deriving the Semiconductor Bloch
Equations (SBE). It is analogous to what is presented in Section 4.2, but there we also
showed how to obtain the SBE by particularizing the procedure of Ref. (CHAVES, 2018),

which considers a more general case.

The derivation of the SBE starts from the Heisenberg equation of motion

110, (pea (K)) = ([H, peul)]). (A1)

Using pey(k) = aikavk and H = Ho + Hr + Hee, we expand the commutator of the
right-hand side of (A.1):

(. pe(K)] = [Ho, alyand] + [Mr, alyand + [Hee, alyan. (A.2)

Each term of this equation shall be explicitated carefully, taking the commutation and

anticommutation rules of fermionic operators into account:
{ajﬂU an’k’} = 5nn’ 5kk’7 (A?)a)
[anka an’k’] = [aj;ky al/k/] =0. (A3b)

We begin with the single-particle tight-binding Hamiltonian (2.29b):
H(b ckavk Z Z Enk’ nk’ Ank’, alkavk] (A4a)

= Z Z By [aik/@nc(skk/ - aikank’)avk - azk(5nv5kk/ - alk/avk)ank’]

n k/

(A.4b)
= (Eck - Evk)aikavk. <A4C)
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This term represents the optical band without any gap correction. Next, we look into the

dipole energy term (4.8):
(M aland = =Y € - di, (K)[alane, alyand + € - de(K)aljoaae, alian]  (A5a)

BZ
- Z £-d;, (k) [ e (— aikavk’>avk - alk(_aik’avk)&vk’} +
K/ (A.5b)

+&- dcv(k/) [ vk1<5kk’ - aTkack’)avk - a ((Skk’ - aflk/avk)ack/]

= £ - de(k)(al an — al ). (A.5¢)

This first two terms are both single-particle ones, where the simplification is fairly straight-
forward. The last term, on the other hand, will be handled separately since it describes

two-particle interactions and will require much more algebraic dexterity.

The electron-electron interaction commutator is expanded substituting (4.6b):

Hodyas =5 5 T3S vl

€1£2 ninansns kike q GG’
X [Mgln“(kl,q, G/)]*MZQ"3(k2,q, G)[aibl,k1+qa22k2an3,k2+qan4k1,aikavk]. (A.6)

Now we expand the commutator on the right-hand side

T T T _
[a'nl,lirqaang an37k2+qan4k17 ackavk] -

T l 1
an1,k1+qan2k2an3»k2+q(6n405kk1 - ackan4kl>avk+

T T T
- ack<5n1U6k7k1+q - a’nl,kl—‘rqavk)angkganSak2+qan4k4 <A7a)

— T T 1 T T
- 5"4051{1(1 an1,k1+qan2k2an3»k2+qavk - anl,kl—‘rqaanQan37k2+qackan4kl avk+

Tt Tt T
- 5n1v5k,k1+qackan2k2an37k2+qan4k4 + Aok Uy ey +qUok Aok, Anz ko+qAnaky - (A'7b)

The second and fourth term on the right-hand side of the equation above can be gathered

and simplified as

T T T Tt T _
n17k1+qan2k2 an37k2+qa’ckan4kl Quk + ackanl,kl—l—qa”ka’ngkg a’n37k2+qa’n4k4 -

_ T T T
- _anl,k1+qan2k2 (5n386k,k2+q - ackan37k2+Q)an4k1avk+

—a

o7 T
+ ackanl,k1+q(5n2v5kk2 — Uy, 1e, Qok ) Gng ko +qOnak, (A.8a)
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- _5n365k’k2+qa71;,1,k1+qa/:f|‘12k2an4kla"Uk + 6”2v6kk2a1ka:rrl17k1+qan37k2+qan4k1' (A8b)
Substituting (A.8b) back on (A.7b), we get

T T T _ T T
[a’nl,lirqaang a'n?)ak2+qan4k17 ackavk] - 5"405kk1 anl,k1+qan2k2 an37k2+qavk+

T T P
- 5”3C6k7k2+qan1,k1+qan2kz Anyky Aok — 5n1v6k,k1+q@6kan2k2 ang,k2+qan4k4+

Tt
+ 6n2v5kk2 Ak Uy ki +qns ka+qdnaki (A9)

which allows us to simplify (A.6), exchanging some summation indices for tidiness:

[Heeraheon] = =553 > 3 SY Y il

15142 80,60, mnan3 ki q GG
. {[Mz;w(k, 6 G M (1, G, g st
= My (k - q,q, GN)]" M7 (ki, q, Ga ckaﬁzklang kitalng k—q
M (e, G M (K — a4, 4 Gl g0 gk G
IV @ GO (.6 Galt] s sniatonk | (A10)
For the purposes of this work, we restrict each term in (A.10) to interband transitions

between the uppermost valence band (v) and the lowermost conduction band (¢), which

allow us simplify the electron-electron interaction commutator to

[Heer ol = =553 30 3 > v

5132 541542 k1 q GG’
X { [Mfclc(k7 q, GI)]*MEC:(kla q, G)az7k+qaikl av,k1+qavk+
_ [sz(k —q,q, G’)]*M (ki,q,G)a ckalkl Ay ki +qduk—qT
- [Méclv(kb q, G )] Mécc<k q,q, G) ck1+q ik qavklavk+

Mg (s g, GO M, q, Gabal . ca, } (A1)

Now that we calculated each commutator on the right-hand side of (A.2), we apply the
expectation value (.) on both sides. The first two terms (A.4c) and (A.5c) are straight-

forward:

<[H07 alkaUkD - (ECk - Evk)pcv<k)a (A12a)

<[H17 aikaka =-&- dcv<k>7 (A12b)
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where we defined the interband transition amplitude p,,(k) = (aikavk) and noticed that

(alau) = (Olafjau0) = (0]0) = 1, (A.13a)

(alaa) = (0lal,aq0) = 0. (A.13b)

The electron-electron interaction term (A.11) leads to an infinite hierarchy of n-body
operators, n = 2,3, .... We will truncate it by applying the approximation

<aj11k1aj12k2an3k3an4k4> ~ <a21k1an4k4><a22k2an3k3> - <a’jzlk1an3k3><a22k2an4k4>7 (A14)

which is justified under the RPA. Morever, since we are considering a homogeneous electric
field, momentum is conserved in the electronic transitions. This is included through the

relation
<aik/avk> = 5kk/pcv(k)- (A15)

Thus,

<[Heea &lkavk Z Z Z Z wégl

Zlfg k1 q GG’
x{wmkqawww@mm[Mmmmm@—@&md+
— My (k — a,q, G')]" M} (k1. d, G) [peo (K)pev (K1) dg0 — Pev(K)Pew(k — @), k—a] +
- [Mﬁclv (k17 q, G/)]*Mﬁczc(k —q,q, G) [ cv(k)pcv<k - q)dkl,k—q - pcv(kl)pcv(k)éqO] +

+ [Méclv(kb q, G/)]*Ml};}(k, q, G) [ cv (k)pcv(k + q)(squ — Pev (k)pcv(kl)(sqo] } (A16)

Contracting the delta functions with the correspondent summations, we have, after some

rearrangement,
2V
([Hee, alyai]) = m ) D wdé(a)
V¥ elel

X { Z[Mff(k, 0, G')]*Mg’(kl, 0, G)per(ky) — [sz(k, 0, G/)]*Mg’(kl, 0,G)pey(ky)+
k1

+ [Mﬂclv(klv 07 G/)]*Mfcgc(k’ 07 G)pcv(k1> - [Mfclv(kla 07 G/)]*Ml};v(k, 07 G)pcv(k1)+
BZ
q

— My (k—q,q, G")]" M (k—q, q, G)pe, (k—a)+[My7' (k, q, G')]" M, (k, q, G)pcu(kJrq)}-
(A.17)
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Now we recognize an important property of the Bloch function overlap term

MM™ (k,q,G)* = MP"(k+q,—q, —G), (A.18)

which allow us, after exchanging some summation indices, to simplify (A.17) to

((Hee, @lkavk] pcv Z Z %lﬁé?,

{182 GG/

X { Z[Mff(k, 0,G)]" M (K',0,G)peu(k’) — [M;(k,0,G)]* M (K, 0, G)peu(k')+

+) 0 —[Mif(k, q, G Mg (k, q, G)pes (K) + [ME(k, q, G')]* M (k, q, G)peo(K) }
(A.19)

At this stage we must recognize the exchange self-energy

S
€1f2 GG’ q
< {[M;f(k, a4 G M (&, q, G) — M (k, g, G)]* M (k. q, G)}, (A.20)

and the kernel

Kk K) =YY 9g&(q) [Me(k0,G) - Mk 0,G)]" M (K,0,G), (A21)
l14s GG/

in order to rewrite (A.19) as
e
(Hee, 0l 1)) = Pev(K) | Siepen(k) — 5 3 Kk K)pa(K)| - (A.22)
k/
The final step is to gather Eqs. (A.1, A.12, A.22) and apply §; — iw:
e
hwpen (k) = (B = Bne)pen(K) = € - den(K) + Siepen (k) = > Kk K)pe(K). (A23)
After some rearranging and recalling that, in our system of units, e = 1,
- 1 / /
h(w = Gr)pen(k) + < > K(k K)pe,(K) = =€ - dey(K), (A.24)
k/

where we used the definition of the optical band Ay = Fu — Eyx + 2.
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To obtain the dipole element, first we note that

rlR+d,) = (R+d,) R+ ), (A.25)
and so
flnk) = Y (R + 8,)e’ 0%y, 5 (k)R + 8). (A.26)
R,
Defining
Hy = Enx|nk)(nk, (A.27)
we have

[H,, ] ZEnkZ (R +8,) — (R +8))] x

R,
X ISRy (1) Rk ()[R + 8,) (R + 8,1, (A.25)

that can be rewritten as

[[:[k,f‘] = Vk[:[k — Z Vk( nk |kn kn| Z Z Vk m; ums[(k» X

n R,6, R’,6)
x e IR+ kRGO R | § V(R + 8. (A.29)

Now for m # n,

(mK|[Hy, #]|nk) = (mk|VyHy|nk)+

=D Vi (W, (K)tas, (K)) 55, (K)tingy - (A.30)

n’ R,0; R/ 5’
and we can show that
SN Vi (s, (K)tws, (k) 15,5, (K)tys, = 0. (A.31)
n' R.,8, R85,
Thus,
(mk|[Hy, #]|nk) = i(mk|V\ Hy|nk), (A.32)
and using that
(nk|[H, t]|mk) = (Enx — Ep)(nk|t|mk), (A.33)
finally X
k| Vi Hy [k
d, (k) = (XNl v) (A34)

Ec,k - Ev,k
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