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Resumo

Investigamos nesta tese o transporte cadtico de particulas causado por ondas de deriva na
borda do plasma do tokamak. Assumimos uma aproximacdo de alta razdo de aspecto para
investigar os efeitos devido ao cisalhamento dos perfis do campo elétrico e magnético. As
trajetorias das particulas sdo obtidas por um modelo que descreve 0 movimento do centro de
guia sob um potencial eletrostatico flutuante. Integramos as equacdes diferenciais das
variaveis canbnicas que descrevem o movimento das particulas. Consideramos um fluxo total
composto pelos perfis de equilibrio do campo elétrico e magnético, e uma parte flutuante
gerada pelos modos ressonantes de ondas de deriva. Os efeitos dos cisalnamentos sao
interpretados ao combinar os resultados obtidos da simulagdo numérica com os conceitos de
dindmica Hamiltoniana que descrevem as Orbitas cadticas. Neste procedimento, obtivemos 0s
mapas de Poincaré para as trajetorias das particulas. Estudamos a dependéncia do transporte
com os perfis radiais dos campos elétricos e magnéticos, e verificamos que este transporte na
borda do plasma pode ser reduzido ao modificar apropriadamente o0s respectivos
cisalhamentos. Observamos as barreiras de transporte de particulas como curvas sem
cisalhamento identificadas pelos valores extremos do perfil do nimero de rotacdo. Estas
barreiras foram obtidas com o uso de perfis ndo-monotdnicos do campo elétrico radial, e
verificamos as variacOes radiais destas barreiras com a escolha do perfil do campo magnético
e da velocidade paralela do plasma. Um mapa simplético, derivado para infinitos modos
temporais, foi utilizado para descrever as dependéncias dos cisalhamentos elétrico, magnético
e da velocidade paralela com o transporte de particulas. Estudamos a influéncia que a
velocidade de rotacdo do plasma pode apresentar no transporte radial de particulas. As
ressonancias e estruturas topoldgicas sdo analisadas para velocidades paralelas de particulas

com perfis uniformes ou com cisalhamento na borda do plasma.
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Abstract

In this thesis, we investigate the chaotic particle transport driven by drift waves at the
tokamak plasma edge. We assume a large aspect ratio approximation to investigate the effects
due to the sheared profiles of electric and magnetic fields. The particle trajectories are
obtained by a model that describes the guide center motion over a fluctuate electrostatic
potential. We integrate the differential equations of canonical variables that describe the
particle motion. We consider a total flux composed by electric and magnetic equilibrium
profiles, and a fluctuate part created by drift waves resonant modes. The shear effects are
interpreted by combining the results obtained from the numerical simulations with concepts of
Hamiltonian dynamics that describe the chaotic orbits. In this proceeding, we obtained
Poincaré maps for particle trajectories. We study the transport dependence on radial profiles
of electric and magnetic fields, and verify this transport reduced by modifying appropriately
the respective shears. The particle transport barriers are observed as shearless curves
identified by extreme values of the rotational number profile. These barriers are obtained by
using non-monotonic profile of radial electric field, and we verify radial variations of these
barriers by choosing the magnetic field and parallel plasma velocity profiles. A simplectic
map derived for infinite time modes is used to describe electric, magnetic and parallel
velocity dependences on particle transport. We study the influence of plasma rotation velocity
on the particle radial transport. The resonance and topologic structures are analyzed for

particle parallel velocities with uniform and sheared profiles at the plasma edge.
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1 Introducao

A crescente demanda energética € um dos atuais desafios mundiais devido,
principalmente, as limitacGes de eficiéncia, reservas energéticas e riscos ambientais. Neste
contexto, os tokamaks apresentam-se de maneira promissora para a obtencdo da fuséo
termonuclear controlada. Trata-se de uma camara toroidal na qual o plasma, uma coluna de

gés altamente ionizada e aquecida ohmicamente, est4 confinado magneticamente [1-3].

Para que o confinamento magnético de plasmas em tokamaks tenha uma operacéao
adequada, € necessario que haja um controle do transporte de particulas e das instabilidades
no plasma [4]. Este transporte, caracterizado por efeitos dindmicos nédo lineares e caos,
desenvolve-se devido a geometria de confinamento, ndo uniformidade e inomogeneidade do
plasma. Assim, sabemos que o transporte anémalo de particulas, observado na borda de
tokamaks, implica na degradacdo do confinamento do plasma. Dentre as limitacGes
observadas em tokamaks, a turbuléncia no transporte de particulas causada por ondas de
deriva tem sido bastante investigada por tedricos [5,6,7] e experimentais [8,9], almejando a
melhora do desempenho do tokamak ITER, que estd em fase de construcdo em Cadarache,

Franca [10].

As ondas de deriva surgem, principalmente, nos plasmas confinados magneticamente
em geometria toroidal, causando instabilidades e deslocando particulas e energia térmica para
as paredes da camara de confinamento [11]. Entretanto, a compreensdo dos fendmenos
turbulentos, e o resultante transporte anémalo de particulas, é ainda um desafio na ciéncia de

fisica de plasmas confinados magneticamente.

Para que este transporte andmalo de particulas seja estudado, devemos considerar 0s
perfis espaciais de campos elétrico e magnético, e seus associados cisalhnamentos. Na borda do
plasma, a turbuléncia é principalmente causada pela deriva E x B [12,13] e flutuacGes de
campos eletrostaticos, 0s quais surgem com os gradientes dos campos radiais de equilibrio
que se propagam na direcdo poloidal. Diversos experimentos mostram que este transporte
pode ser reduzido por alteragdes adequadas no perfil do campo elétrico radial [14,15].

Experimentos de polarizacdo de campos elétricos sdo utilizados para reduzir o transporte por
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modificacdo do perfil de campo elétrico radial e do resultante fluxo de particulas [16-18].
Nestes experimentos, eletrodos de polarizacdo sdo aplicados para a analise do cisalhamento

elétrico e da formacéo das barreiras de transporte de particulas na borda do plasma [19].

Para interpretar o transporte de particulas na borda do plasma, modelos ndo integraveis
com teorias de dindmica cadtica sdo propostos para tokamaks de alta razdo de aspecto [20-
22]. Seguindo essa aproximag&o, estes modelos descrevem o transporte por ondas de deriva
que se propagam na borda do plasma ao considerar o escoamento poloidal E X B, por campos
magnéticos uniformes e campos magnéticos com cisalhamento. Além disso, mapas
simpléticos de ondas de deriva, ao redor de uma posicao radial do fator de seguranca, foram
derivados para uma investigacdo numérica da dependéncia do transporte com os perfis
espaciais de cisalhamento. Assim, estes mapas permitiram uma analise da reducdo do
transporte, sob o efeito do cisalhamento elétrico e magnético. Entretanto, uma investigacéo
global do transporte radial e do escape de particulas para as paredes do tokamak ainda séo

exploradas por integragdes numéricas das equacdes de movimento.

H.-B. Park et al. [23] obtiveram as equac¢Bes de movimento do centro de guia em uma
geometria de confinamento magnético toroidal e considerou o efeito colisional de particulas
por um método estatistico. W. Horton et al. [20] propuseram uma aproximacéao das equacdes
de movimento do centro de guia em equacfes de mapas, porém estes mapas foram deduzidos
para uma analise local em torno do minimo do fator de seguranca desprezando os efeitos
causados pelo campo elétrico radial. Neste mesmo trabalho, W. Horton et al. adaptou o
modelo de Connor e Taylor [24] para as ondas de deriva, com 0 objetivo de iterar as equacdes
de movimento do centro de guia usando mapas de carater global, i.e., valido em toda regido
radial do plasma. Através destas equacdes de mapas globais, J.-M. Kwon et al. [25] investigou
a influéncia do perfil de campo elétrico radial em diferentes modos de operacdo dos tokamaks
e a formacdo de barreira de transportes de particulas. F. Miskane et al. [26] investigou as
trajetdrias das particulas na presenca de um potencial eletrostatico flutuante, e a relacdo entre

o fluxo de particulas e o gradiente de temperatura.

Através do modelo de ondas de deriva proposto por W. Horton et al. [20], analisamos
os impactos do transporte cadtico, pela integracdo da trajetoria das particulas, e as condicGes

nas quais o caos surge na borda do plasma devido aos processos dindmicos internos, ou seja,
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sem considerar perturbacGes magnéticas externas. Consideramos um modelo cinético de
deriva ndo integravel e equacdes canbnicas que descrevem o transporte de particulas devido
as ondas de deriva. Realizamos simula¢cBes numéricas do deslocamento de particulas ao
integrar as equacdes candnicas para um escoamento total, formado pelo fluxo de cisalhamento
dos campos de equilibrio e por algumas ondas de deriva ressonantes que dominam na borda
do plasma. As simulagdes numéricas sdo realizadas através dos parametros do tokamak
TCABR [27]. Porém, os resultados deste trabalho sdo normalizados e podem ser aplicados
para qualquer tokamak com aproximacédo de alta razdo de aspecto, nos quais polarizagdes

elétricas sdo utilizadas no controle do plasma.

Analisamos os efeitos do cisalhamento dos campos elétrico e magnético ao combinar
os resultados da simula¢do numérica com os conceitos da teoria de dindmica Hamiltoniana.
Nossas analises sdo baseadas no procedimento numérico utilizado na teoria de caos para
investigar e descrever Orbitas cadticas e a criacdo e destruicdo da barreira de transporte. Um
dos procedimentos consiste na obtencdo de mapas de Poincaré para as trajetorias das
particulas. As topologias obtidas sdo tipicas de sistemas Hamiltonianos quase-integraveis com
duas dimensdes, e preveem importantes caracteristicas para o transporte de particulas e o
confinamento do plasma. Este transporte € reduzido através da modificacdo dos perfis de
campo elétrico e magnético, e as barreiras de transporte sd@o deslocadas de acordo com o

cisalhamento magnético escolhido na borda do plasma.

Complementarmente, investigamos o transporte de particulas na borda do plasma com
infinitos modos temporais de perturbacdo, na qual todas as perturbacdes apresentam a mesma
amplitude de potencial elétrico. Para este estudo, as equacBes que descrevem a trajetdria das
particulas foram reescritas na forma de equacGes de um mapa simplético e os resultados
foram obtidos pela iteragdo numérica destas equacdes. Comparamos as topologias presentes
na borda do plasma e, portanto, as Orbitas das particulas ao alterar os especificos modos

temporais por infinitos modos de perturbacéo.

A seguir, no Capitulo 2 descreveremos as condi¢cbes necessarias para que um gas
ionizado seja classificado como plasma e as forcas que estas particulas estdo sujeitas no
confinamento magnético. No Capitulo 3, apresentaremos o modelo utilizado para obter as
secOes de Poincaré através de integragfes numéricas das equagdes que descrevem a trajetoria

das particulas. No Capitulo 4, sdo discutidos os resultados deste modelo com especificos
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modos temporais de perturbacdo sob os efeitos de campos elétricos e magnéticos. No Capitulo
5, reescrevemos as equacdes diferenciais do modelo em equac6es de mapas para um estudo de
infinitos modos temporais, 0s quais estdo relacionados as perturbacdes de fundo do plasma, e
apresentamos os perfis de equilibrio do plasma que serdo utilizados para a obtencdo dos
mapas. No Capitulo 6, mostramos os resultados obtidos por iteragdo numérica destas
equacdes em mapas de Poincaré e analisamos a influéncia que as particulas podem apresentar
sob diferentes perfis de velocidade paralela em relacdo ao campo magnético. Por fim, no
Capitulo 7, concluimos os resultados obtidos por este modelo que simula o transporte de
particulas sob os efeitos das ondas de deriva, dos perfis de equilibrio e da velocidade paralela

do plasma.
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2 Transporte de particulas em tokamaks

Neste capitulo, descrevemos o mecanismo fisico das ondas de deriva na presenca de
campos elétricos e magnéticos, para que posteriormente possamos apresentar o modelo
utilizado neste estudo. As particulas confinadas em tokamaks sdo caracterizadas,
principalmente, por um transporte radial turbulento devido ao conjunto das ondas de deriva.
Assim, iremos analisar a origem destas ondas, sem desprezarmos os campos de equilibrio e as

flutuacBes eletrostaticas presentes na borda do plasma.

2.1 Propriedades do plasma

O transporte de particulas no plasma é dominado por campos elétricos de grande
alcance, os quais estdo associados com as interagfes coulombianas de ions e elétrons que
compdem o meio [1-3]. Na auséncia de disturbios externos, o plasma é macroscopicamente
neutro, ou seja, as desidades das particulas sdo iguais (n, = n;), e mantido pela oscilacéo de

elétrons em torno dos ions na frequéncia de plasma w,, dada por

ne?\ 2
w, = ,
P \m,g (2.1.1)

onde n, é a densidade de elétrons, e € a carga eletronica, m, € a massa do elétron e ¢, a
permissividade elétrica no vacuo. Os elétrons, devido a sua alta mobilidade, neutralizam
rapidamente regibes com excesso de carga positiva. A escala de distancia, na qual essa
densidade de particulas pode espontaneamente existir, mantendo a neutralidade, é

denominada comprimento de Debye A, dado por

eokp T\ 2
) :( 0 B;) , (2.1.2)
n.e
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onde kg é a constante de Boltzmann e T, é a temperatura eletrénica.

Um campo perturbativo que eventualmente surge no interior do plasma de dimenséo L
deve anular-se para L > Ap. Assim, 0 nimero de particulas N que interagem coletivamente,
no interior de uma esfera de raio igual a Ap, deve ser grande o suficiente para uma eficiente
blindagem de campos elétricos, N, = (4m/3)n,A3 >1. Logo, quando as flutuagbes do
campo elétrico apresentam escalas espaciais maiores que o comprimento de Debye, as
interacOes coletivas de campos elétricos devem ser consideradas no transporte de particulas.
No caso de plasmas por confinamento magnético, ha diversos tipos de modos coletivos, mas o
transporte de particulas é dominado pelos modos de baixas frequéncias, onde w «< eB/m; =

w.;, onde w,; € a frequéncia ciclotrénica do ion [1].

Os gradientes de densidade e temperatura nos plasmas confinados magneticamente
resultam em correntes diamagnéticas de elétrons e ions j,, perpendiculares ao campo
magneético B, e ao gradiente de pressdo gerado por elétrons p, e ions p;, de acordo com o
balanco de forcas da teoria magnetohidrodinamica (MHD), j x B = V(p, + p;) no estado de
equilibrio [3,22]. Estas correntes provocam oscilacfes coletivas, chamadas de ondas de
deriva. Portanto, uma onda de deriva consiste em uma perturbacdo que se propaga no plasma

e envolve a interacdo das derivas perpendiculares com a dindmica paralela de confinamento.

Ao considerar a equacdo de movimento para uma particula carregada, dada pela
segunda lei de Newton e pela forca de Lorentz na presenca de campos elétricos e magnéticos,
obtemos m(dv/dt) = q(E + v X B). Se assumirmos uma descricdo macroscépica, onde o
conjunto de particulas carregadas que constituem um fluido dentro de um elemento de volume

do plasma, obtemos a equacdo de conservacdo de momento [2],

nm [Z_: + - V)v] = qn(E+vXxXB)—Vp, (2.1.3)

onde n é o0 numero de particulas, m a massa, v o vetor velocidade, g a quantidade de carga e
p a pressdo destas particulas. Na Eq. (2.1.3) a derivada de fluxo de matéria é dada pela
expressao entre colchetes, onde o primeiro termo é chamado de derivada local, e 0 segundo

termo representa as mudancas espaciais devido ao movimento das particulas do plasma,
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chamada de derivada convectiva. Ao considerarmos um fluido de escoamento incompressivel

(isocdrico) e com velocidade constante, temos a derivada material nula.

Assumindo apenas a velocidade perpendicular v, ao campo magnético e realizando o

produto vetorial com o vetor campo magnético, obtemos

(2.1.4)
0=gqn(ExB+ (v, XxB)XB)—VpXxB,

e ao aplicarmos a propriedade de produto vetorial @ X b X ¢ = b(a - ¢) — c(a - b), temos
qn(EXB —v,B*) —VpXxB =0, (2.1.5)
Isolando a velocidade perpendicular v, obtemos

_ExXB VpxB
- B qnB?

v, = VgxB + VUp . (216)

Note que a deriva E X B independe da carga e da massa da particula, portanto ions e
elétrons derivam no mesmo sentindo ao redor do centro de guia. Note também que deriva
diamagnética Vp x B é dependente das cargas, consequentemente, elétrons e ions sao
deslocados em sentidos opostos. A deriva de polarizacdo (apenas para campos que variam
com o tempo) e a deriva diamagnética (apenas para variacGes espaciais da pressdo)
apresentam magnitude muito menores que a deriva E X B, a qual também é vista
experimentalmente como a principal causa do transporte radial das particulas na borda do
plasma [9]. Portanto, no préximo capitulo consideramos apenas a deriva E X B para 0
desenvolvimento do nosso modelo, onde o campo elétrico é composto por uma parte de

equilibrio e outra parte responsavel pelas oscilacdes eletrostaticas de ondas de deriva.
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2.2 OscilagGes Eletrostéaticas

Ao assumirmos as oscilacdes eletrostaticas de ondas de deriva como estacionarias, isto
é, atraves de campos elétricos cujos valores em cada ponto espacial ndo variam com o tempo,
podemos escrever que ¥V X E = 0. Assim, o vetor campo elétrico pode ser definido por
E = —V¢, onde as suas componentes sdo obtidas pela derivada espacial, em cada uma das

direcdes de um dado sistema de coordenadas, do potencial eletrostatico ¢.

Conforme apresentado na subsecgéo anterior, para que possamos descrever o transporte
de particulas dirigido por ondas de deriva, devemos supor um campo elétrico responsavel pela
velocidade de deriva do plasma. Este campo elétrico é escrito analiticamente por uma
componente de equilibrio na direcdo radial E, e outra oscilante E, a qual estd associada ao

potencial flutuante ¢.

O potencial flutuante serd o principal parametro de perturbacdo do plasma neste
estudo. Logo, devemos assumir um potencial que apresente todas as dependéncias espaciais
da geometria de confinamento e de modos temporais que se associem as frequéncias
angulares com a qual o plasma oscila na regido espacial a ser explorada no tokamak. Na
Figura 2.1(a), apresentamos a secdo transversal de um tordide com as coordenadas locais
polares a serem utilizadas no modelo de ondas eletrostaticas. Nesta configuragdo geométrica,
temos o raio maior R, o raio menor r, no qual a coluna do plasma esta inserida, o angulo
toroidal ¢ e o angulo polar 8. Na Figura 2.1(b), representamos a trajetoria resultante descrita
pelas particulas positivas e negativas do plasma devido a resultante vetorial entre o campo
magnético B, a componente do potencial eletrostatico perpendicular ao campo magnético
V.¢ e a velocidade paralela ao campo magnético v, na aproximagdo de um cilindro

(destacado na cor vermelha).

A importancia do potencial flutuante deve-se também a escolha do espectro de onda
de deriva a ser considerado no modelo. Através da distribuicdo do espectro, podemos analisar
a influéncia de especificos modos temporais, 0s quais devem resultar em ressonancias sobre

uma dada posicdo radial das particulas, ou supor infinitos modos temporais, que sao
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representados no modelo por uma fungédo delta de Dirac, resultando em perturbacdes geradas

por infinitos impulsos periddicos e ressonancias secundérias no plasma.

(b)

Figura 2.1: Secdo transversal de um tordide (a) com as coordenadas locais polares no
segmento em vermelho e a representacdo da trajetoria das particulas do plasma (b) com as
grandezas vetoriais do campo magnético, da componente do potencial eletrostatico

perpendicular ao campo magnético e da velocidade paralela.
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3 Modelo de ondas eletrostaticas com determinados

modos temporais

3.1 Equacbes diferenciais nas variaveis de angulo e acao

O modelo introduz as equagdes basicas de movimento para descrever as trajetérias de
particulas ao longo das linhas de campo magnético e submetidas as derivas elétricas.
Consideramos um potencial de equilibrio eletrostatico na direcdo radial e ondas de deriva que
se propagam nas dire¢des poloidal e toroidal. Estas ondas de deriva surgem da n&o
uniformidade na borda do plasma e séo analisadas na se¢do toroidal de confinamento
magneético no tokamak [4,5]. As flutuacdes do potencial eletrostatico sdo escritas em funcao

da amplitude, e de modos espaciais e temporais.

As trajetorias das particulas sdo descritas pelo movimento do centro de guia,

dx B EXB

R e T 3.1.1
ac ~ "t (3.1
onde as componentes desta equacdo sdo dadas por
ar_ 199 (3.1.2)
dt Br a6’
6 _wB, 104 E (3.1.3)
dt r B rBodr rB’
d(p 17" (314)
dt R’

onde x = (r,6,¢) é dado em coordenadas locais polares. Esta configuracdo de plasma

corresponde a aproximacao cilindrica de uma sec¢éo toroidal de um tokamak de grande razdo
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de aspecto. Nestas componentes, assumimos uma configuragdo magnetica onde B = B, > By
e o fator de seguranca dado por q(r) = rB/RBy. O campo elétrico é constituido por uma
parte de equilibrio com intensidade dada por E,, definido por um perfil radial, e uma parte
flutuante, tal que E = —V¢. Logo, este modelo permite investigar a influéncia simultanea do
cisalhnamento elétrico, devido as variacGes espaciais do campo elétrico, e do cisalhamento
magnético, ao considerar as variacdes espaciais do fator de seguranca, no transporte caotico

na borda do plasma.

Para o potencial flutuante, utilizamos um espectro de ondas de deriva com modo

finito,

(Fﬁ(x' t) = Z d)mln cos(m@ - l(p - nth - lpO) ’ (315)

m,ln

onde ¢,,;, € aamplitude de perturbacdo, w, a menor frequéncia angular do espectro de ondas
de deriva e ¥, uma fase inicial a ser escolhida [20]. Os modos espaciais poloidal e toroidal
sdo definidos, respectivamente, pelos indices m e [, e o0 modo temporal pelo indice n.
Portanto, podemos assumir uma ou mais ondas de deriva que descrevem as flutuacdes do

potencial eletrostatico do sistema.

Tabela 1: Variaveis e parametros do plasma que devem ser declarados no modelo numerico.

Menor frequéncia angular Wy
Modo temporal n
Modo poloidal dominante M
Modo toroidal dominante L
Amplitudes dos potenciais flutuantes Durin
Velocidade paralela de rotacéo Y|
Raio maior da coluna de plasma R
Raio menor da coluna de plasma a
Perfil do campo elétrico radial E,
Campo magnético toroidal B
Perfil do fator de seguranga q
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Sabemos que os niveis de flutuagdes do potencial do plasma sdo mais expressivos na
borda da coluna de plasma [28,29], assim consideramos 0 maximo deste potencial ¢,,;,, nesta
regido radial. Adicionalmente, o espectro de ondas de deriva € escolhido de maneira que
possa interferir no transporte de particulas com as alteracbes dos perfis de cisalhamento
elétrico e magnético. Inicialmente, as simula¢gdes numéricas sao realizadas para um espectro
de ondas de deriva, caracterizado por modos espaciais dominantes M/L e finitos modos
temporais n. Assim, as principais variaveis e parametros que devem ser escolhidos no modelo

de ondas de deriva séo apresentados na Tabela 1.

Substituindo o potencial flutuante definido pela Eqg. (3.1.5) na Eqg. (3.1.2), obtemos

a2 Guinleos(M6 — Lo ~ ) cos(nant)
— —_—— MLn COS P —YPpy)cos\nwy
dt ~  Br GHMLn (3.1.6)

+ sin(M6 — Lo — ) sin(nwt)],

Por conveniéncia, consideramos variaveis de angulo e acgéo, respectivamente, como
Y=MO—Lp e I=(r/a)’. Desta forma, assumimos oscilagdes coerentes, onde v
representa um angulo helicoidal definido por modos dominantes. Ao considerar estas novas

variaveis nas componentes do centro de guia, obtemos

W_ Yy E (3.1.7)
dt  Rq(l) BavI -
dl
= A; Buin SN — ot = o) (318)

onde a é o raio menor do plasma, R o raio maior do plasma e q(I) o perfil do fator de
seguranca em funcdo da variavel de acdo. No Apéndice A, apresentamos 0 modelo para um
modo espacial dominante, sob o efeito de modos espaciais secundarios de pequena amplitude

eletrostética.

As trajetorias das particulas foram integradas pelo método numérico de Runge-Kutta

de quarta ordem, e as interseccGes no espaco de fase foram selecionadas no plano (I,y) em
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tempos multiplos de 2m/w,. Neste procedimento, é valido citar que o método numérico
Runge-Kutta de quarta ordem mostrou-se com precisdo suficiente e com menor tempo
computacional quando comparado ao de oitava ordem com passo variavel, para o conjunto de
equacOes deste modelo. As amplitudes de perturbacdo escolhidas foram ¢ ,—, = 4.90V,
Guyin=3 = 085V e ¢ppr,=4 = 0.10 V, conforme mostrado na Figura 3.1. A distribuicdo deste
espectro deve-se ao aumento da amplitude de perturbacdo que as particulas apresentam ao se

aproximarem das paredes da camara de confinamento.

S y 3 y T J T
I |- e-- time modes|
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<
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Figura 3.1: Espectro da onda de deriva para um modo dominante M /L com amplitudes
Orin=r =490V, Pyin=3 =085V e ¢yin=s =0.10V. Os modos temporais estdo

indicados pelo pontos em vermelho.

A dindmica da resposta de onda de deriva ndo é considerada neste modelo, i.e., 0
espectro de ondas de deriva é mantido constante. Embora haja esta desvantagem, o modelo
nos permite investigar a simultanea influéncia do cisalhamento elétrico e magnético na borda

do plasma.

3.2 Cisalhamento do campo elétrico radial

Para investigar a influéncia dos perfis de campo elétrico E, no transporte e verificar as

condigdes de ressondncia entre as ondas de deriva e as trajetdrias das particulas, assumimos
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um modo espacial dominante M /L = 16/4 e um perfil monotdnico do fator de seguranca
com g(a) = 4.0 na borda do plasma. Consideramos também campos elétricos radiais

caracterizados por perfis uniformes, monot6nico e ndo-monoténico.

Os perfis monotdnicos foram obtidos pela fungéo linear E, = 2ar + £ e o perfil ndo-
monotonico pela funcdo ndo-linear E, = 3ar? + 2Br +y, onde os coeficientes a, f e y
foram escolhidos para caracterizacdo de cada perfil. Os coeficientes que formam o perfil
elétrico radial E, com cisalhamento positivo sdo definidos como a = —1.30x 103 e g =
—1.60 x 103; para E, com cisalhamento negativo temos a = 1.30 X 103 e f = —2.40 X
103; e para E, ndo-monotonico temos @ = —80.00 x 103, # = 31.95 x 103 e y = —6.00 X
103. Estes perfis de campos elétricos radiais, e seus correspondentes perfis de cisalhamento,

calculados pela equagéo S = (r/E,)(dE, /dr), séo mostrados na Figura 3.2.
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Figura 3.2: (a) Perfil do campo elétrico radial e (b) cisalnamento de campo elétrico para os
perfis uniforme (linha sélida preta), monoténico com cisalhamento positivo/negativo (linha

tracejada verde/vermelha) e ndo-monotoénico (linha traco e ponto azul).

Para um estudo da influéncia dos campos de equilibrio do plasma, assumimos uma
velocidade paralela ao campo magnético que predomina ao longo de toda a trajetdria das
particulas que se encontram na borda do tokamak TCABR, v, = 2.5 km/s [27]. A menor
frequéncia angular w, = 6 x 10* rad/s foi selecionada no espectro de poténcias (Apéndice B)

obtido através de medidas de potencial flutuante [30] do tokamak TCABR. Este tokamak
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apresenta raio maior R = 61 cm, raio da coluna de plasma a = 18 cm e campo magnético
toroidal B = 1.1 T. Apesar de estarmos utilizando os pardmetros do tokamak TCABR nas
simulagbes numéricas, os resultados encontram-se normalizados e as dependéncias do
transporte de particulas sdo validas para diversos tokamaks de alta razdo de aspecto, nos quais
eletrodos de polarizacdo sdo aplicados com o objetivo de modificar o campo elétrico de

equilibrio.

3.3 Cisalhamento do campo magnético

De maneira semelhante ao estudo do cisalhamento do campo elétrico radial,
assumimos dois perfis de cisalhamento magnético, ou seja, perfis do fator de seguranca. Estes
perfis de campo magnético diferem entre si pelos valores que apresentam ao atingir a borda
do plasma, e foram analisados ao considerar um campo elétrico radial ndo-monoténico, com o

mesmo perfil apresentado na subsecao anterior.

02 04 06 08 10 02 04 06 08 10
r/a (a) r/a (b)

Figura 3.3: (a) Perfil do fator de seguranca e (b) perfil do cisalhamento magnético para 0s

casos onde (linha traco e ponto azul) q(a) = 6 e (linha s6lida preta) q(a) = 4.
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As simulacdes foram realizadas utilizando os seguintes perfis de fator de seguranca:
q(r) =2.0+4.0(r/a)? e q(r) = 2.0+ 2.0(r/a)?> para r < a, atingindo na borda do
plasma, respectivamente, g(a) = 6.0 e q(a) = 4.0. Ambos os perfis de fator de seguranca
apresentam a correcdo q(r) = q(a)(r/a)? para r > a. O cisalhamento magnético destes
perfis sdo obtidos por S, = (r/q)(dq/dr). Os fatores de seguranca e os cisalhamentos

magnéticos descritos anteriormente s&o mostrados na Figura 3.3.

Assim, as configuracbes magnéticas foram escolhidas com o objetivo de analisar a
influéncia do cisalhamento magnético sobre o transporte de particulas causado pelas ondas de
deriva e verificar, dentre as diferentes topologias apresentadas nos mapas de Poincaré, a
presenca de barreiras de transporte e a eventual reconexdo de ilhas. Os demais parametros,
utilizados no estudo do cisalhamento magnético, apresentam 0s mesmos valores da subsecéo

anterior.

3.4 Desvio padrdo medio

Para uma andlise mais criteriosa do transporte radial de particulas e com o objetivo de
quantificar a intensidade das flutuacdes eletrostaticas na borda do tokamak, calculamos a

dependéncia temporal do desvio padrdo médio [20],

N
(0 =3 Y (1 - @) 34.)
n=1

onde N representa o nimero total de particulas inicialmente localizadas em uma dada posi¢éo
radial. Este transporte se caracteriza pela relacdo que o desvio padrdo médio apresenta com o

com os valores temporais,
a?(t) =~ t7, (3.4.2)

onde o expoente y permite classificar o sistema em difusivo (y = 1), subdifusivo (y < 1) ou

superdifusivo (y > 1) [31].
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O coeficiente de difusdo temporal pode ser obtido a partir da Eq. (3.4.1),

N
1
D, (t) = 2t_NnZ;(ri ®) - 1,(0))%, (3.4.3)

onde o limite t — oo resulta no coeficiente de difusdo para a coordenada radial.

Este procedimento numérico foi utilizado para diferenciar as regiGes radiais
observadas com trajetdrias cadticas, onde as se¢fes de Poincaré ndo eram consistentes para

uma descricdo completa do transporte na borda do plasma.
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4 Resultados do modelo de ondas eletrostaticas com

diferentes modos temporais

4.1 Mapas de Poincaré com cisalhamento do campo elétrico

Apresentamos neste capitulo os mapas de Poincaré obtidos por integracdo das
equacdes no modelo numérico ao assumir uma grade de condi¢des iniciais no espacgo de fases.
Utilizamos para a obtencdo destes resultados o perfil de fator de seguranca com g(a) = 6,
conforme mostrado na Figura 3.3(a). As solucbes destas integracfes sdo selecionadas na
secdo toroidal 2m/w, rad. Todos os mapas de Poincaré foram obtidos com a utilizacdo do
mesmo espectro de ondas de deriva, consequentemente, a alteragdo no transporte das
particulas do plasma é observada sem necessariamente alterar os niveis de flutuagdo do
potencial do plasma [32]. Nestes mapas de Poincare, o raio menor do plasma corresponde a
I = 1.0, mas os resultados sdo apresentados até I = 1.2 para que possamos identificar o
transporte de particulas até a regido da parede da camara de confinamento. Para um campo

elétrico radial E, uniforme a trajetoria caotica de particulas ocorre em I > 0.6, Figura 4.1(a).

Quando alteramos este perfil E, para o caso monoténico com cisalhamento negativo,
observamos que as ilhas sdo praticamente destruidas e envolvidas por trajetorias cadticas,
como mostrado na Figura 4.1(b). Entretanto, estruturas periodicas surgem em [ > 0.9 para um
perfil E, monotdnico com cisalhamento positivo, Figura 4.1(c). Note que, os cisalhamentos
dos perfis monotbnicos de E, apresentam o mesmo valor absoluto, mas resultam em
diferentes comportamentos para transporte de particulas na borda do plasma, sendo que o

cisalhamento positivo é observado com menos trajetdrias cadticas.

Na Figura 4.1(d) temos o caso do perfil E, ndo-monotdnico, onde observamos que as
estruturas topoldgicas no espaco de fase sdo altamente modificadas e uma curva invariante
(destacada na cor vermelha) surge na borda do plasma. Esta curva é conhecida como barreira

de transporte de particulas, e permite o aprisionamento de trajetdrias cadticas dentro plasma.
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Figura 4.1: Mapas de Poincaré para os cisalhamentos de campo elétrico (a) uniforme, (b)
monoténico com cisalhamento negativo, (¢) monoténico com cisalhamento positivo e (d) nao-
monoténico. A curva sem cisalhamento esta destacada na cor vermelha. As condicdes iniciais

para o célculo do desvio padrdo médio estdo localizadas nas grades destacadas na cor azul.

4.2 Consideracdes sobre a obtengdo da curva sem cisalhamento

As ilhas periodicas nos mapas de Poincaré podem ser explicadas pelo calculo das
condic@es de ressonancia para cada perfil do campo elétrico radial E,. Para isto, assumimos a

invarianca da variavel de acdo na Eq. (3.1.7), resultando em d/dt (i — nwyt) = 0. Assim, a
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condicdo de ressonancia é obtida quando (dy/dt)/w, assume valores do modo temporal n

para uma determinada acao / na Eq. (3.1.8).

(dy/dt)/o,

Figura 4.2: Condicdo de ressonancia para campo elétrico radial com perfil (linha solida preta)
uniforme, (linha tracejada verde/vermelha) monoténico com cisalhamento positivo/negativo e

(linha traco e ponto azul) ndo-monoténico.

Para o conjunto utilizado de perfis de campo elétrico radial E,., calculamos as
condicdes de ressonancia, como mostrado na Figura 4.2. Observe que a ressonancia n = 4 €
relacionada a menor amplitude eletrostatica no espectro de ondas de deriva (ver Figura 3.1) e
ocorre em [ ~ 0.4 para todos os perfis de E,.. No caso dos perfis de E, uniforme e ambos
monoténicos, a ressonancia n = 3 € observada como uma simples perturbacdo em [ = 0.8.
Entretanto, o caso do perfil E, ndo-monot6nico revela uma ressonancia n = 3 com dupla
localizacdo em I = 0.6 e I ~ 1.0, os quais correspondem as ilhas gémeas separadas pela
superficie invariante na Figura 4.1(d). Além disto, a ressonancia n = 2 esta relacionada a
maior amplitude eletrostatica no espectro de ondas de deriva e implica em ilhas secundarias

na borda do plasma.

Para determinar a posicdo radial da curva invariante sem cisalhamento (sem shear) na
Figura 4.1(d), calculamos o nimero de rotacdo, definido por 2 = lim;_., AY;/i. Para isto,
cada variavel de acdo I fornece uma condicdo inicial para £2, e df2/dl = 0 indica o ponto sem

cisalhamento, conforme mostra a Figura 4.3. Sabemos que o cisalhamento elétrico invertido
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(pela variacdo de polaridade na borda) pode gerar condi¢des para a formagdo de uma barreira
de transporte de particulas localizadas na posicdo radial sem cisalhamento [20,29]. Esta
barreira de transporte separa as Orbitas das particulas no espaco de fase e reduz o transporte
radial [33,34].

3.2

3.1

=l shearless point

G
2.9
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[

Figura 4.3: Numero de rotacao para o perfil de campo elétrico ndo-monotdnico.

No mapa da Figura 4.1(d), identificamos a curva invariante, a qual representa uma
barreira de transporte gerada pela configuracdo de cisalhamento elétrico invertido da Figura
3.2. Note que esta curva esta localizada no ponto radial sem cisalhamento onde dQ2/dI ~ 0
(ver posicdo radial da Figura 4.3). Ainda que esta barreira de transporte estivesse destruida
pelas perturbacbes de outras ondas, sabemos que as drbitas cadticas podem apresentar alta

aderéncia ao redor das ilhas remanescentes reduzindo o transporte radial [35,36].

Na Figura 4.1(d) também observamos que o cisalhamento magnético gerou um
deslocamento radial desta barreira de transporte. Note na Figura 3.2(b) que a posicdo sem
cisalhnamento para o perfil E, ndo-monotbnico estd em r/a ~ 0.7, o qual corresponde a
I = 0.5. Entretanto, vemos na Figura 4.1(d) a curva invariante localizada em I = 0.8. Este
deslocamento ocorre devido ao cisalhamento magnético, o qual estd implicito pela presenca

do perfil do fator de seguranca na Eq. (3.1.8), usado para calcular a evolucdo da fase. Outros
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efeitos do cisalhamento magnético na barreira de transporte sdo analisados com mais detalhes

na proxima sec&o.

4.3 Transporte de particulas

Na secdo anterior, notamos uma similaridade das regides cadticas nos mapas de
Poincarée com o uso de perfis E, uniforme e monoténico com cisalhamento negativo,

respectivamente, Figuras 4.1(a) e 4.1(b).

Observamos na Figura 4.4 que o desvio padrdo médio para o perfil E, monotonico
com cisalhamento negativo apresenta um menor transporte radial de particulas ao ser
comparado ao caso do perfil E, uniforme. Logo, a existéncia do cisalhamento elétrico permite

uma reducéo do transporte na regido da borda do plasma.
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Figura 4.4: Desvio padrao médio para perfil (linha sélida preta) uniforme do campo elétrico
radial e (linha sélida vermelha) monoténico do campo elétrico radial com cisalhamento

negativo.

Assumindo 0 mesmo conjunto de condicBes iniciais e tempo de integracdo, um
namero maior de interseccdes de trajetdrias sdo observados na regido cadtica para o perfil E,
monoténico com cisalhamento negativo, Figura 4.1(b). Isto ocorre devido a melhora do

confinamento ao longo da direcdo toroidal, tal que mais interseccbes séo selecionadas no
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mapa de Poincaré. Portanto, o perfil E, monotdnico gerou um cisalhamento com intensidade
suficiente para que o fluxo poloidal E x B fosse capaz de reduzir o transporte causado por

ondas de deriva, como inicialmente proposto por H. Biglari et al. [37].

4.4 Mapas de Poincaré com cisalhamento do campo magnético

Ao comparar as Orbitas das particulas representadas pelos mapas de Poincaré,
mostraremos que as alteracbes entre os perfis do fator de seguranga na borda do plasma
modificam significantemente o transporte na regido onde o cisalhamento é nulo. Estas
modificacbes no transporte de particulas ocorrem devido a aproximacao das ilhas gémeas ao
redor da barreira de transporte sem cisalhamento. Dois perfis de fator de seguranca foram
escolhidos de forma a evidenciar as alteragdes das orbitas com as variagdes do cisalhamento
magnetico. As escolhas dos perfis de fator de seguranca satisfazem a condicéo de ressonancia
requerida para a existéncia da barreira sem cisalhamento, ou seja, ambos os perfis de fator de
seguranca apresentam variacdes de sua intensidade ao longo das posicdes radiais que

interferem na posicdo da barreira de transporte.

Figura 4.5: Mapa de Poincaré para o fator de seguranca q(a) = 4 na borda do plasma. A

curva sem cisalhamento estd destacada na cor vermelha.
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Na Figura 4.5, observamos as ilhas dimerizadas apds o processo de reconexdo das
separatrizes [38,39]. Esta reconexdo ocorre devido a pequena separacdo existente entre o
ponto hiperbolico da cadeia superior (inferior) e o ponto eliptico da cadeia inferior (superior)
quando o cisalhamento magnético é reduzido. Na Figura 4.6, apresentamos a condi¢do de
ressonancia para a condicdo (dy/dt)/w, = 3. Assim, a aproximacao entre as cadeias de
ilhas gémeas pode ser entendida ao se verificar uma separacdo menor entre as posicoes de

ressonancia para o cisalhamento magnético, gerado por g(a) = 4.0.
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Figura 4.6: Condicdo de ressonancia ao redor de n = 3 para 0s casos onde (linha traco e ponto

azul) g(a) = 6 e (linha sélida preta) g(a) = 4.

As diferencas topoldgicas entre as ilhas gémeas na regido ao redor da curva invariante
sem cisalhamento, mostrada nos mapas da Figura 4.1(d) e Figura 4.5, estdo associadas a
reconexdo das Orbitas. Essas reconexdes sdo tipicas em sistemas ndo-monotdnicos que
apresentam mapas ndo twist com curvas sem cisalhamento. Além disto, a reducdo do
cisalhamento magnético induz o surgimento de curvas do tipo meanders, i.e., curvas

invariantes em ambos os lados da curva sem cisalhamento [40,41].
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4.5 Efeitos do espectro de ondas de deriva

Para analisar a influéncia do espectro de ondas de deriva no transporte de particulas,
assumimos dois espectros caracterizados por pequenas modificacfes das amplitudes dos
potenciais flutuantes, e calculamos a difusdo radial que as particulas apresentam em ambos 0s
casos [42]. Assumimos um perfil ndo-monot6nico do campo elétrico radial e um fator de
seguranca monotonico com g(a) = 4.0 na borda do plasma, descritos pelas mesmas funcdes
apresentadas no Capitulo 3.

Os espectros que foram comparados nesta secdo sdao mostrados na Figura 4.7. As
amplitudes dos potenciais flutuantes no caso (a) sdo dadas por ¢uyin=> = 1.30V, Ppyrin=3 =
0.60V e ¢pyrn=4 = 0.20V, e no caso (b), Pyin=—2 = 145V, Ppin=3 = 110V € Ppypn=4 =
0.55 V. Para ambos os casos, como ndo houve modificacdo dos perfis de equilibrio e dos
demais parametros a serem considerados, as condi¢Oes de ressonancia sdo equivalentes, como
mostra a Figura 4.8. Também observamos uma dupla ressonancia (linha tracejada da Figura
4.8) gerada devido a escolha dos perfis de equilibrio, conforme discutimos nas secOes

anteriores deste capitulo.
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Figura 4.7: Espectros da ondas de deriva para um modo dominante M /L com amplitudes no
caso () Pyrn=2 = 1.30V, Ppyin=3 =0.60V € ¢Ppn=s = 0.20V € no caso (b) Pyn=2 =
145 V, ¢MLTL=3 = 110 V e ¢MLn=4 = 055 V
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Figura 4.8: Condicédo de ressonancia para ambos os espectros apresentados na Figura 4.7.
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Figura 4.9: Mapa de Poincaré (a) para o caso de um espectro de onda de deriva dado pelo caso

(@) e mapa de Poincaré (b) para o espectro do caso (b) da Figura 4.7. A curva sem
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cisalhamento est4 destacada na cor vermelha em ambos os mapas. As condigdes iniciais para

o célculo do coeficiente de difusdo estdo localizadas nas grades destacadas na cor azul.

Apesar da igualdade obtida pela condi¢do de ressonancia, observamos diferengas na
topologia dos mapas de Poincaré entre os casos (a) e (b), os quais sdo mostrados,
respectivamente, nas Figuras 4.9(a) e 4.9(b). Nestas se¢Bes de Poincaré, encontram-se
destacadas (em vermelho) as curvas sem cisalhamento, as quais apresentam modificacfes em
sua estrutura com as variagdes impostas pelos potenciais flutuantes dos espectros de ondas de

deriva.
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Figura 4.10: Coeficiente de difuséo radial com dependéncia temporal para o caso (a) e (b) das

Figuras 4.7 e 4.9.

Para uma analise completa deste transporte de particulas, calculamos a difusdo que as
trajetdrias das particulas apresentaram nestes mapas, conforme mostra a Figura 4.10. Para este
calculo utilizamos condices iniciais localizadas nas grades destacadas na cor azul da Figura
4.9. Logo, observamos um aumento do transporte com o0 aumento das amplitudes do potencial

flutuante que formam o espectro de ondas de deriva.
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5 Modelo de ondas eletrostaticas coerentes

Diversos experimentos em tokamaks indicam um amplo espectro de frequéncias de
ondas de deriva para cada numero de onda, sendo que estas ondas mostram-se com
amplitudes significativas que implicam em trajetérias cadticas de particulas. Assim,
reescrevemos neste capitulo as equacdes diferenciais que descrevem as trajetérias das
particulas em equacGes de mapas, as quais assumem um modo espacial dominante com

infinitas perturbagdes temporais (n — o) de mesma amplitude.

5.1 Equacdes do mapa

Para que as equacOes diferenciais de angulo e acgdo, respectivamente, dadas pelas
Equacdes (3.1.7) e (3.1.8), estejam na forma de um mapa simplético, devemos supor uma
funcéo delta de Dirac para a soma dos modos temporais [20].

Substituindo o potencial flutuante Eq. (3.1.5) na equacao diferencial radial Eq. (3.1.2),

obtemos
d 10
L0 st — o o) cosCrnd
t rov & (5.1.1)
+ sin(mb — lp — Y,) sin(nwyt)] .
Supondo,
+00
Z sin(nwyt) =0 e (5.1.2)
+0oo
z cos(nwyt) = an §(wot — 2mn), (5.1.3)

obtemos
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dr  2m )
== "5 Z m Prn Sin(mb — Lo —y) 6(wot — 2mn) , (5.1.4)

m,ln

onde neste modelo iremos considerar iteragdes impulsivas no tempo t = 2nn/w,.
Ao considerarmos modos espaciais dominantes e as variaveis de angulo e acdo como

no Capitulo 4, obtemos

dl 2rd 4

= a_zd_: = (12—7;M Ouin Sin(Y — Py) Z §(wot —2mn) e (5.1.5)
B _ Uy _ ME
at =~ Rgay ™M —ADL = m (519

integrando sobre o tempo de um impulso, obtemos

_ 4t M oy
I=I+—% o~ sin(y) , (5.1.7)
et = Xy + Ri(Uyg1) + Rp(Iys) (5.1.8)
—__u _
R(D) = 0 (M — L q(D)] e (5.1.9
M E.(I)
RZ(I)__wOaB 7 (5.1.10)

Para que estas equacOes sejam resolvidas, devemos introduzir os campos elétricos e
magnéticos de equilibrio. Além disto, o perfil de velocidade paralela do plasma devera ser
inserido neste modelo, considerando-se sua dependéncia experimental com a posicao radial de
confinamento [27,43,44]. Neste capitulo, estamos interessados em estudar o transporte na

borda do plasma, onde R;(I) > R,(I), consequentemente, as condi¢des de ressonancia séo
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determinadas principalmente pelo fator de seguranca q(I) e pelo perfil da velocidade paralela

v, (I) que se encontram em Ry (I).

O mapa é integravel ao assumir uma amplitude de perturbacdo ¢, = 0, tornando
todas as Orbitas regulares, peridédicas ou quase-periodicas para qualquer condicdo inicial,
I =1yeAy = R;(I)+ R,(I). Neste caso, o perfil do nimero de rotagdo £2(I) é constante ao
longo das orbitas para cada condicédo inicial I,. Assim, cada linha invariante € horizontal no
espaco de fases e caracterizada por um determinado nimero de rotacdo. Com a inclusdo da
onda, ¢, # 0, temos a quebra da integrabilidade e I, ndo é mais uma constante do
movimento. Mesmo assim, podemos definir o nimero de rotacdo para as linhas invariantes
onduladas, como 2 = lim,_, A¥;/i. Portanto, o perfil do nimero de rotacdo serd um

parametro de analise dependente do valor da posicéo radial normalizada I do plasma.

Ao considerar a perturbacdo de onda, 0 mapa descreve um espaco de fases com a
mistura de drbitas regulares e caoticas. O transporte de particulas ocorre em qualquer posi¢édo
em que as trajetorias sdo caoticas, e para estas Orbitas 0 niUmero de rotacdo nédo é definido.
Neste contexto, as curvas invariantes remanescentes atuam como barreiras de transporte de
particulas, mas podem ser destruidas com o aumento da amplitude de perturbacdo da onda
[45]. Entretanto, uma linha invariante pode resistir a0 aumento desta amplitude de
perturbacdo se o seu nimero de rotacdo apresentar em modulo o valor maximo. Esta linha
sem cisalhamento atua como uma barreira de transporte [32,46], limitando as trajetorias em
diferentes regides do espaco de fases. Logo, um aumento de maior intensidade desta

amplitude se faz necessario para que a barreira seja destruida e o transporte seja global.

5.2 Perfis de campo elétrico, magnético e de velocidade paralela

Nesta secdo, assumimos um modo espacial dominante M/L = 15/6 e um um perfil
elétrico radial ndo-monoténico para investigar a influéncia da velocidade paralela com o uso
de diferentes configuracdes magnéticas, definidas pelos perfis monotdnico e ndo-monoténico
do fator de seguranca. Para isto, combinamos perfis de velocidade paralela das particulas com
estes perfis magnéticos. A velocidade paralela apresenta os seguintes perfis: uniforme

positivo, uniforme negativo e ndo-uniforme (com cisalhamento na borda do plasma). Os
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parametros e perfis utilizados sdo compativeis com os perfis experimentais observados no
tokamak TCABR (Apéndice C), e estes perfis foram escolhidos para as analises numéricas

das ondas de deriva.

O perfil radial do campo elétrico ndo-monotdnico é mostrado na Figura 5.1, dado por
E, = 3ar?+2pr +y, onde os coeficientes sdo a = 80.00 x 103, f =31.95x 103 e
¥y = 3.00 x 103. Todos os resultados desta secdo sdo obtidos ao assumir este perfil radial
elétrico ndo-monotdnico, o qual é entendido como fator para o desenvolvimento da barreira
de transporte de particulas, e permite aprisionar trajetorias cadticas na regido interna da
coluna do plasma. Os perfis do fator de seguranca s@&o mostrados na Figura 5.2, onde
utilizamos q(I) = 2.00 + 3.00 I? para o perfil monotbnico, e q(I) =5.00 —6.30 1% +
6.30 I3 para o caso ndo-monotonico. Estes perfis sdo escolhidos para investigar a influéncia

dos cisalhamentos elétrico e magnético.

) S ——

Figura 5.1: Perfil radial ndo-monotdnico do campo elétrico.
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Figura 5.2: Perfis radiais monotonico (linha solida) e ndo-monotoénico (linha-tracejada) do

fator de seguranca.
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Figura 5.3: Perfis uniforme positivo (linha solida verde), uniforme negativo (linha sélida

vermelha) e ndo-uniforme (linha tracejada azul) da velocidade paralela.

As simulagBes séo realizadas com o uso das velocidades vy, =2.5km/s, v, =
—2.5km/s e vy(I) = 2.5tanh(10.0 I —9.6) [km/s] no caso do perfil com cisalhamento, o

qual € caracterizado por um gradiente na borda do plasma, veja a Figura 5.3. Nestas
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simulagbes assumimos a menor frequéncia angular do espectro de poténcia na borda do

plasma como w, = 6 X 10* rad/s [29].

Ao assumir um espectro de ondas de deriva caracterizado por infinitos modos
temporais, e perfis de equilibrio conforme apresentados nesta se¢do, observamos a presenca
de infinitas perturbagdes na regido caotica do plasma. Tratam-se de perturbagdes provenientes
dos infinitos impulsos ao considerar uma funcdo delta de Dirac nas equacGes do modelo, as
quais sdo iteradas para a obtencdo dos mapas simpléticos. Para uma breve analise destas
infinitas perturbacdes geradas pelo espectro, consideramos um perfil ndo-monoténico de
campo elétrico radial e um perfil ndo-monoténico do fator de seguranca, com o0 uso de uma

velocidade paralela uniforme v, = 2.5 km/s.

1.2 4=
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1.0
: 1.00
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0.2 . T T r T T 1 0.85 -
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00
Y/ 2n (a) VY /2n

Figura 5.4: Mapa simplético (a) para um potencial flutuante ¢,; = 0.65V e (b) 0 mesmo

mapa ampliado na borda do plasma.

Na Figura 5.4(a), apresentamos um mapa simplético obtido pela iteracdo das Egs.
(5.1.7) - (5.1.10) para diversas condicdes iniciais [42]. Logo, este mapa simplético apresenta
uma estrutura topoldgica similar aquelas obtidas pelo modelo dado pela integracdo numérica
das equacdes diferenciais (Capitulo 4). Entretanto, por este mapa simplético apresentar
infinitos modos temporais na borda do plasma, espera-se identificar infinitas perturbacdes
nesta regido radial, como mostra claramente a Figura 5.4(b). Para uma analise completa da

influéncia dos diversos perfis de equilibrio, assim como da velocidade paralela, no transporte
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de particulas na borda do plasma, apresentamos no proximo capitulo o efeito isolado destas

variaveis que devem ser assumidas nas equac6es de mapa.
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6 Resultados do modelo de ondas eletrostaticas coerentes

Investigamos a trajetéria das particulas sob a influéncia dos perfis de velocidade
paralela e dos perfis do fator de seguranca. Para isto, calculamos numericamente o perfil do
namero de rotacdo, o qual é definido por 2 = lim;_, A¥;/i. As Orbitas periddicas destas
trajetorias sdo localizadas ao redor das posicBes radiais onde o nimero de rotacdo assume
valores inteiros e a curva sem cisalhnamento é localizada nos pontos de minimos e maximos

dos perfis do nimero de rotac&o.

6.1 Mapas de Poincaré com perfil de fator de segurangca monotdnico

para diferentes perfis de velocidade paralela

Obtivemos os mapas de Poincaré com o uso dos perfis de velocidade paralela (Figura
5.3), do perfil ndo-monotdnico de campo elétrico (Figura 5.1) e do perfil monotonico do fator
de seguranca (Figura 5.2). Para cada perfil de velocidade, apresentamos o conjunto de Orbitas
no espaco de fases e os perfis do numero de rotacdo. As Orbitas periddicas sdo observadas ao
redor da posicdo radial onde o nimero de rotacdo assume valores racionais e a curva sem
cisalhamento é localizada na posi¢édo radial onde ocorre 0 maximo ou o minimo do perfil do

namero de rotacao.

Na Figura 6.1 apresentamos as se¢des de Poincaré ao considerar uma amplitude do
potencial flutuante de ¢, = 250 mV. Para o perfil positivo uniforme de velocidade paralela,
observamos a condicdo de ressonancia ao redor de I = 0.5 e trajetdrias cadticas de particulas
em I > 0.8, como mostra a Figura 6.1(a). Para um perfil negativo uniforme de velocidade
paralela, observamos que as posicdes radiais dos pontos fixos elipticos sdo substituidas pelos
pontos hiperbdlicos, conforme mostrado na Figura 6.1(b). O mapa simplético para o caso do
perfil de velocidade paralela ndo-uniforme é apresentado na Figura 6.1(c), no qual
observamos que as ilhas mais internas da coluna de plasma, aproximadamente em I = 0.5,

sdo similares as obtidas na Figura 6.1(b). Entretanto, observamos estruturas periodicas
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contornadas por trajetorias cadticas, onde o ponto eliptico esté localizado em ¥ /2w = 0, tal

como é visto na Figura 6.1(a).

o poee——
050  -0.25 0.00 0.25 0.50 050  -0.25 0.00 0.25 0.50

¥/ 2n @) v/ 2n (b)

0.2 —_— .
050  -0.25 0.00 0.25 0.50
v 2% (c)

Figura 6.1: Mapas de Poincaré ao considerar a amplitude do potencial flutuante ¢, =
250 mV e perfis de velocidade paralela positivo uniforme (a), negativo uniforme (b) e nao-
uniforme (c), correspondentes aos perfis da Figura 5.3. A curva sem cisalhamento esta
destacadas na cor vermelha em (c). Para estes mapas utilizamos o perfil de fator de seguranca

monoténico, correspondente ao da Figura 5.2.
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Apresentamos na Figura 6.2 os perfis do numero de rotacdo de acordo com as se¢des
de Poincaré apresentadas na Figura 6.1. Para que os resultados sejam comparados, 0 nlmero
de rotacdo também foi obtido para uma amplitude de perturbacdo de onda nula, assumindo
uma condicdo inicial em ¥/2m = 0. Na Figura 6.2(a) obtemos valores negativos para o
namero de rotacdo devido as mudancas implicitas em A¥ de valores positivos para negativos.
Assim, alterando o sinal da velocidade paralela v;, modificamos a variagdo da helicidade

(rotacéo do plasma).
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Figura 6.2: Perfis do nimero de rotacdo calculado para a posicdo angular ¥/2m =0
utilizando perfis de velocidade paralela positiva uniforme (a), negativa uniforme (b) e nao-
uniforme (c). Para estes calculos foram utilizados os mesmos pardmetros dos mapas da Figura

6.1.
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Note na Figura 6.1(a) a ilha préxima a I = 0.5, a qual corresponde a condicdo de
ressonancia com o numero de rotacéo nulo. Quando alteramos o sinal de v na Figura 6.2(b),
obtemos uma mudanca do ponto eliptico para um hiperbélico, localizado ao redor de I = 0.5.
Para d2/dI = 0 na Figura 6.2(c), observamos a posicéo radial correspondente a curva sem
cisalhamento, a qual é destacada na cor vermelha na Figura 6.1(c). Portanto, o valor méaximo
do perfil do nimero de rotacdo para o perfil de velocidade ndo-uniforme é obtido em I =
0.86. Através deste procedimento, determinamos a curva sem cisalhamento no mapa da

Figura 6.1(c) para uma condicdo inicial (I = 0.86, ¥ /2m = 0).

6.2 Mapas de Poincaré com perfil de fator de seguranca ndo-monotonico

para diferentes perfis de velocidade paralela

Para complementar a Secdo 6.1, investigamos os efeitos do perfil de velocidade
paralela sobre o transporte de particulas ao assumir um perfil do fator de seguranca ndo-
monotdnico, mostrado na Figura 5.2. Para um perfil positivo uniforme de velocidade paralela,
observamos na Figura 6.3(a) uma dupla ressonancia localizada em I = 0.7 e as trajetorias
cadticas das particulas ocorrem para I > 0.9. Como discutido na Sec¢do 6.1, a mudanca entre
os perfis uniformes de velocidade paralela (positivo e negativo) implicam no deslocamento da
posicdo do ponto eliptico para o ponto hiperbolico, observado através da Figura 6.3(b). No
caso do perfil de velocidade paralela nao-uniforme, obtivemos um mapa simplético
caracterizado por ambas regides radiais das Figuras 6.3(a) e 6.3(b), mas com uma evidéncia

de uma bifurcacéo sela-n6 na borda do plasma [34], conforme mostrado na Figura 6.3(c).

As estruturas periddicas obtidas nestes mapas podem ser explicadas através do perfil
do ndmero de rotacdo mostrados na Figura 6.4. Através destes perfis, observamos ilhas
gémeas causadas pela ressonancia com um valor racional do nimero de rotacdo 2. Ao
comparar a posicdo da linha sem cisalhamento com as ilhas gémeas nas Figuras 6.4(a) e
6.4(b), identificamos a ocorréncia de uma bifurcacdo envolvendo a reconexao das ilhas [47].
Entretanto, na Figura 6.4(c) observamos uma ressonancia de diferente topologia, a qual sera

discutida adiante.



49

120 o ———— (1T ——L
050  -0.25 0.00 0.25 0.50 050  -0.25 0.00 0.25 0.50

¥/ 2n (@) ¥/ 2n (b)

0.2 S — .
-0.50 -0.25 0.00 0.25 0.50

Y/ 2n (©)

Figura 6.3: Mapas de Poincaré ao considerar a amplitude do potencial flutuante ¢, =
250 mV e perfis de velocidade paralela positivo uniforme (a), negativo uniforme (b) e nao-
uniforme (c), correspondentes aos perfis da Figura 5.3. As curvas sem cisalhamento estdo
destacadas na cor vermelha em (a), (b) e (c). Para estes mapas utilizamos o perfil nédo-

monotdnico do fator de seguranca, correspondente ao da Figura 5.2.
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Figura 6.4: Perfis do numero de rotacdo calculado para a posicdo angular ¥/2m =0

utilizando perfis de velocidade paralela positiva uniforme (a), negativa uniforme (b) e nao-

uniforme (c). Para estes calculos foram utilizados os mesmos parametros citados nos mapas

da Figura 6.3.
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O caso do mapa simplético para uma velocidade paralela ndo-uniforme e um perfil do
fator de seguranga ndo-monotbnico é discutido com mais detalhes devido a formacdo da
bifurcacdo do tipo sela-n6. Na Figura 6.5, apresentamos 0s mapas de Poincaré para uma
velocidade paralela ndo-uniforme com o uso de amplitudes de potencial flutuante de 1 mV,
20mV, 65mV e 100 mV. As curvas invariantes sem cisalhamento sdo destacadas nestes
mapas com o uso das mesmas cores utilizadas nos pontos de maximos e minimos dos perfis

do numero de rotagdo apresentados na Figura 6.6.

Inicialmente, observe que as Figuras 6.6(a)-6.6(c) apresentam duas curvas sem
cisalhamento, enquanto a Figura 6.6(d) apenas uma curva. Com o aumento da amplitude de
perturbacdo as ilhas gémeas mostram-se em uma bifurcacdo sela-nd, na qual a curva sem
cisalhamento € deslocada da posicédo radial, mostrada na Figura 6.6(a). Para uma amplitude do
potencial elétrico ¢,,;, = 20 mV, as ilhas gémeas em I = 0.8 apresentam uma reconexao,
conforme mostrada na Figura 6.6(b). Logo, as curvas sem cisalnamento se aproximam uma da
outra com o aumento da amplitude de perturbacéo, Figura 6.6(c). As ilhas gémeas também se
aproximam da ressonancia mais interna da coluna de plasma por meio da bifurcacao sela-no,
na qual os pontos elipticos e hiperbdlicos estdo alinhados e compartilham a mesma estrutura

periddica, conforme mostrado na Figura 6.6(d).

O deslocamento da curva sem cisalhamento com o aumento do potencial elétrico é
explicado através dos maximos e minimos do perfil do nimero de rotacdo mostrado na Figura
6.4. Para que seja comparado, note que na Figura 6.4(a) apresentamos o perfil do nimero de
rotacdo para uma modo nulo da amplitude, onde obtemos dois pontos sem cisalhamento
devido aos perfis ndo-monotoénicos de equilibrio, como esperado em R; (1) na expresséo dada

pela Eq. (5.1.9).

Quando a amplitude é aumentada para um valor igual a ¢,,;, = 300 mV ou maior,
parte das curvas invariantes sdo destruidas e a bifurcacdo sela-nd é cercada por trajetorias
calticas de particulas, conforme vemos na Figura 6.7(a). Entretanto, a curva sem
cisalhamento (destacada em vermelho na Figura 6.7(a)) pode ainda ser encontrada através do

minimo do perfil do nimero de rotacdo, mostrado na Figura 6.7(b).
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Figura 6.5: Mapas de Poincaré ao considerar as amplitudes do potencial flutuante ¢, =
1mV (@), ¢y, = 20mV (b), ¢, = 65 mV (c) e ¢y, = 100 mV (d) e o perfil de velocidade
paralela ndo-uniforme. As curvas sem cisalhamento estdo destacadas na mesma cor dos
pontos de maximo e minimo do perfil do nimero de rotacdo apresentados na Figura 6.6.

Nestes mapas consideramos um perfil ndo-monotodnico do fator de seguranca (Figura 5.2).
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Figura 6.6: Perfis do numero de rotacdo em ¥ /2w = 0 calculados com 0s mesmos parametros
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mesmas cores das curvas sem cisalhamento.
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Figura 6.7: Mapa de Poincaré (a) ao considerar a amplitude do potencial flutuante ¢, =
300 mV, perfil de velocidade paralela ndo-uniforme e perfil ndo-monoténico do fator de
seguranga. A curva sem cisalhamento esta destacada na cor vermelha e foi determinada pelo

minimo do perfil do nimero de rotagdo apresentado em (b).
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6.3 Efeitos dos perfis de velocidade paralela sobre o transporte

Complementarmente, os mapas de ondas de deriva também foram obtidos para uma
analise do transporte de particulas em funcdo da amplitude do potencial flutuante e das
posi¢cdes radiais. Utilizamos uma escala de cores relativas as posi¢des iniciais das particulas
para avaliar como o transporte de particulas se altera com a amplitude do potencial flutuante.
Logo, a Figura 6.8 mostra exemplos destes mapas para quatro perturbagdes, tendo as mesmas
posicOes radiais iniciais, indicadas pela escala de cores. Como consequéncia da dependéncia
do potencial flutuante, os pontos iniciais de mesma cor sdo espalhados no espaco de fases

com o aumento da amplitude, conforme identificamos pelas Figuras 6.8(a)-6.8(d).

Na Figura 6.8(a), para uma baixa perturbacdo de ¢,,;, = 1 ml/, notamos apenas um
transporte desprezivel. Na Figura 6.8(b), um deslocamento radial de particulas € ainda
desprezivel, mas curvas invariantes sdo deformadas com o aumento do potencial flutuante
¢y, = 65mV, i.e., as trajetdrias de particulas ocupam posicdes radiais distantes daquelas
observadas na Figura 6.8(a). Por outro lado, as trajetorias sdo caoticamente espalhadas na
borda do plasma para ¢, = 300 mV/, conforme mostradas na Figura 6.8(c). Na Figura
6.8(d), observamos trajetOrias caoticas ao redor da bifurcacdo sela-né com particulas

extremamente afastadas das posi¢des radiais iniciais (a0 comparar com a Figura 6.8(a)).

Estes resultados mostram um amplo deslocamento radial de particulas para muitas
condicdes iniciais que ocupam distantes posicdes radiais, nas quais a velocidade se altera de
acordo com o perfil radial ndo-uniforme de velocidade (Figura 5.3). Portanto, estes mapas
permitem entender como o caos e 0 deslocamento de particulas se desenvolvem com o

aumento da perturbacdo na borda da coluna do plasma.



56

20.50

0.9

0.8 b 0.8
] L]
0.7 0.7
0.6 0.6
(R == 0.5 s - =
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50
¥/ 2n (c) Y/ 2n (d)

Figura 6.8: Mapas de Poincaré ao considerar as amplitudes do potencial flutuante ¢, =
1mV (a), ¢y, = 65mV (b), ¢y, =300mV (c) e ¢py, = 500mV (d). A escala de cores

nestes mapas indicam a posicao radial das particulas conforme é observada em (a).
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7 Conclusao e trabalhos futuros

Investigamos a influéncia dos perfis de equilibrio do campo elétrico e magnético no
transporte de particulas na borda do plasma. Para este estudo desenvolvemos um modelo
quase integravel que descreve o transporte de particulas perturbado por ondas de deriva em
tokamaks de alta razdo de aspecto. Realizamos simulagdes numéricas por integracdo das
equacdes candnicas que descrevem o movimento das particulas ao considerar um fluxo total
formado pelo cisalhamento de equilibrio e de modos ressonantes de ondas de deriva.
Assumimos o campo elétrico formado por uma componente radial de equilibrio e outra parte
flutuante. Consideramos diferentes perfis para o campo elétrico radial de equilibrio sem
desprezar os efeitos devido a configuragdo magnética sobre o transporte de particulas.
Consequentemente, estudamos a dependéncia do transporte de particulas com o cisalhamento

do campo elétrico e magnético.

As analises foram realizadas através de mapas de Poincaré, e as trajetOrias caoticas das
particulas foram comparadas entre campos elétricos uniforme, monotdnico e ndo-monotdnico
e configuracbes magnéticas com diferentes cisalhnamentos na borda do plasma. Além disto,
calculamos o transporte radial para os diferentes perfis de campo elétrico. Mostramos que o
transporte de particulas na borda do plasma pode ser reduzido ao modificar apropriadamente
os perfis de cisalhamento elétrico e magnético. Com o uso do perfil ndo-monotdnico do
campo elétrico radial, observamos que as barreiras de transporte ndao twist encontram-se
deslocadas do ponto onde o cisalhamento é nulo devido a presenca do cisalhamento
magnético. A curva sem cisalhamento no mapa de Poincaré foi identificada através dos
valores extremos do perfil do nUmero de rotacdo de curvas invariantes. Estas barreiras sao

robustas e persistem sob variagcdes do cisalhamento magnético dos atuais tokamaks.

Posteriormente, investigamos como o0 transporte de particulas aumenta com a
amplitude do potencial elétrico e a influencia da velocidade paralela sobre as trajetorias destas
particulas. Para analisar estas dependéncias, combinamos a influéncia do perfil de campo
magnético com os perfis da velocidade paralela. Realizamos as simulagdes numéricas do

movimento de particulas através de mapas simpléticos, obtidos por iteragdes impulsivas no
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tempo, para um fluxo total formado por uma parte do equilibrio com cisalhamento e outra

parte caracterizada por flutuac6es do potencial elétrico para um modo espacial dominante.

Observamos nos mapas simpléticos a formacédo de barreiras robustas de particulas que
persistem para diversos modos da amplitude de potencial e sdo provenientes das
configuracGes elétricas e magnéticas do plasma. Através do perfil do nimero de rotacdo e o
uso de um perfil de velocidade ndo-uniforme, localizamos estas barreiras robustas na regido
radial de ressonancia entre as ilhas gémeas. Comparando os mapas de Poincaré, também
concluimos que ao introduzir um perfil de velocidade com cisalhamento o transporte de
particulas é modificado onde condicfes especificas de ressonancia tornam-se relevantes, nas
quais as trajetdrias das particulas poderiam ser aprisionadas na borda do plasma, tornando o
confinamento do plasma mais efetivo. Estas ressonancias também sdo responsaveis pelo
aparecimento da bifurcacdo sela-n6, com a qual a barreira de transporte apresenta um
deslocamento com o aumento da amplitude de perturbacdo que se difere dos demais casos de

velocidades uniformes.

Sugerimos como trabalhos futuros os seguintes estudos com o uso do modelo de ondas

de derivas apresentados nesta tese:

- Estudar do transporte de particulas submetido a perturbacdo de modos espaciais dominantes

e secundarios com pequenas amplitudes;

- Considerar a dependéncia que a velocidade paralela apresenta com a temperatura de protons

e elétrons para o estudo de instabilidades que se desenvolvem na borda do plasma;

- Aplicar o modelo de ondas de deriva para condicGes especificas e perfis de equilibrio a

serem utilizados no tokamak ITER;

- Analisar a influéncia de perturbacdes externas ao plasma sobre o transporte de particulas ao

considerar as ondas de derivas do tipo E X B.
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Apéndice A — Modos espaciais secundarios

Neste Apéndice, apresentamos 0 modelo cinético de ondas de deriva para um modo
espacial dominante, sob o efeito de modos espaciais secundarios de pequena amplitude
eletrostética. Trata-se de uma generalizacdo do modelo estudado através da somatéria dos

modos espaciais e temporais na equacdo diferencial para a variavel de acéo,

a2

Tl [P =M - sen(P — nwot — Pg)

(A1)

10 m -sen(y’ — nwot — Yo)],

onde assumimos um Unico modo temporal n e uma nova variavel de angulo ' =m'6 — [ ¢.
Logo, uma especifica variavel de angulo ¢ é dada por determinados valores de modos

poloidal m’ e toroidal 1.

As equac0es diferenciais que determinam as variaveis de angulo sdo escritas para cada

conjunto de modos espaciais,

P By SR B A2
dt ~ Rq()'" ) Bavl © (A2)
W n ooy ME

it~ Rq(D [m —q(D] Badl’ (A.3)

Assim, podemos assumir analiticamente uma nova variavel de angulo total ¥ = +

', correspondente a soma dos modos, com a qual obtemos
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av oy
dt  Rq(])

(m+m)E,

[((m+m) —qDA+1)] - Bl

(A4)

Também podemos expandir o modelo de dois modos espaciais ao adicionarmos um
segundo modo temporal, resultando em uma equacdo diferencial para a varidvel de acdo

formada pela somatdria de quatro termos,

a2

o _B—az[quln -m - sen(y — nwyt — Py)

+h 0 m' - sen(yp’ — nwyt —Py) (A.5)

+¢)mln, m: Sen(l,l) - n,th - lpo)

+b, 1 ‘m’ -sen(yP’ —n wyt — Py) 1,

onde n’ corresponde ao novo modo temporal de perturbacdo. As equacdes diferencias para a
variaveis de angulo permanecem as mesmas do caso anterior, onde consideramos um Unico
modo temporal. Portanto, estas sdo as equacdes que descrevem o transporte de particulas ao

considerar o caso de dois modos espaciais sob a perturbacdo de um ou dois modos temporais.
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Apéndice B — Espectro de poténcias

Determinamos o valor da menor frequéncia angular através do espectro de poténcias
S(k, f) em fungdo do nimero de onda e da frequéncia espectral da Ref. [30]. Optamos por
valores de frequéncias correspondentes as intensidades destacadas pela cor vermelha no
espectro de poténcias apresentado na Figura B.1. Estes dados experimentais foram obtidos
através de sondas eletrostaticas posicionadas na borda do plasma na posicao radial r = 18 cm

na descarga de nimero 17682 do tokamak TCABR.

#17682

150

1251

100+

751

f (kHz)

501

251

Figura B.1: Espectro de poténcias coletados por sonda eletrostatica em r = 18 cm [30]. A

intensidade do espectro é maior na cor vermelha e decresce para as de tom azul.
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Apéndice C — Velocidade de rotacdo do plasma

O perfil de velocidade paralela ndo-uniforme do plasma foi escolhido através da
ordem de grandeza e inversfes de sinais da velocidade toroidal observadas por medidas
experimentais na borda do plasma no tokamak TCABR de acordo com a Ref. [27]. Esta

medida experimental de velocidade de rotacdo do plasma € mostrada na Figura C.1.
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Figura C.1: Perfil da velocidade toroidal [27] utilizado como referéncia na determinacdo da

equacdo do perfil de velocidade paralela nas equacdes de mapas do modelo teorico.
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Abstract

We applied a non-integrable drift-kinetic model, valid for large aspect ratio tokamaks, to investigate plasma edge particle
transport driven by drift waves. Particle transport is obtained from the chaotic trajectories obtained by numerically integrating
the canonical equations of motion, for the total flow formed by the equilibrium sheared flow and few dominant resonant drift
waves propagating in the sheared equilibrium magnetic field. Thus, we mvestigate the transport dependence on the radial
profiles of the electric and magnetic fields and show that radial particle transport at the plasma edge can be reduced by properly
modifying the electric and magnetic shear profiles. For non-monotonic radial electric fields, we also observe non-twist transport
barriers with shearless mvariants identified by extremum values of the rotation number profiles of the invariant curves. The
observed non-twist barriers are modified by the magnetic shear and persist for magnetic shear variations expected in present

tokamaks.

Keywords: tokamak transport, drift wave, magnetic shear, electric shear

(Some figures may appear in colour only in the online journal)

1. Introduction

The plasma confinement in tokamaks is limited by the particle
transport at the plasma edge much higher than the values
predicted by neoclassical transport theory by collisions in
toroidal geometry [1.2]. In this context, the influence of
the electric and magnetic equilibrium fields on the particle
transport induced by the plasma edge turbulence 1s nowadays
under investigation in all tokamaks [3,4]. Thus, it has been
recognized that the interpretation of the observed anomalous
particle transport has to take into account the spatial profiles
and their associated shears of the electric and magnetic fields
at the plasma edge.

At the plasma edge the turbulence-driven particle transport
is mainly caused by the particle E x B drift [5-7] and
the fluctuating electrostatic field i1s associated with drift
waves, driven by equilibrium radial gradients, propagating
in the poloidal direction. Several experiments show that this
transport can be reduced by properly changing the electric field
radial profile [8,9]. One experimental procedure to reduce the
transport 1s to apply an electric field bias modifying the non-
uniformradial electric ficld and resulting sheared flow [ 10-12].
Moreover, clectrode biasing has been applied to verify the
influence of the electric shear on the plasma transport and the
formation of edge transport barriers [13].

0029-5515/14/064001+07$33.00

To interpret particle transport at the tokamak plasma edge.
non-integrable drift models with chaotic dynamics have been
proposed for large aspect ratio tokamaks [14—16]. Following
this approach, a model has been proposed to describe the
transport by drift waves propagating in the plasma edge of
tokamaks with equilibrium E x B poloidal flow, for uniform
magnetic fields [ 16, 17] and magnetic fields with shear [ 15, 18].
Moreover, symplectic drift wave maps in the vicinity of
given radial position and safety factor have been derived from
these models [15, 18] to numerically investigate the transport
dependence on shear spatial profiles. Thus, for these maps.
the transport reduction, caused by the combined effects of
radial electric field shear and both monotonic and reversed
shear magnetic g profiles, has been investigated [16. 19, 20].
However, applications of the proposed models to investigate
global transport in tokamaks and the escape of particles to the
walls still remain to be explored by numerical integration of the
equations of motion. In this model, drift waves cause chaos and
the impact of chaos on the particle transport can be estimated
by integrating the particle drift trajectories. In this description,
the possibility of controlling the transport by modifying the
shear profile can be evaluated even without considering the
Moreover, the chaotic transport is caused
by internal dynamic process without any external resonant
magnetic perturbation.

wave response.

© 2014 IAEA, Vienna Printed in the UK
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In this work. we consider the non-integrable drift-
kinetic model introduced in [15] and the canonical equations
that describe the particle transport driven by drift waves.
We performed numerical simulations of particle motion by
integrating the canonical equations. for the total flow formed
by the equilibrium sheared flow and a few dominant resonant
drift waves and the sheared equilibrium magnetic field. The
chaotic particle trajectories give rise to transport. Thus, we
mvestigate effects from electric and magnetic sheared fields on
plasma particle transport through a combination of numerical
simulation results and concepts from Hamiltonian dynamics
theory. Our analysis is based on numerical procedures used
in chaos theory to investigate and describe chaotic orbits and
the creation and destruction of transport barriers. One of these
procedures consists in obtaining Poincaré maps for particle
drift trajectories. Moreover, the chaotic orbits are integrated
for a very long time in order to obtain the transport described
in the paper. We show that particle transport can be reduced
by modifying the electric and magnetic field profiles and that
transport barrier can be displaced by properly modifying the
magnetic shear at the plasma edge. As expected, the analysed
topologies are typical of two-dimensional quasi-integrable
Hamiltonian systems, for both twist and non-twist maps.
These topologies contain several characteristics important for
the particle transport and plasma confinement.

Our results can be applied to any tokamak, described in
a large aspect ratio approximation, for which electric bias
has been applied to control plasma transport. Even so, to
show how the topology, described by shear profiles, modifies
the particle transport, numerical simulations are presented for
parameters taken from the Brazilian tokamak TCABR [17. 21].
However, the paper presents a conceptual investigation rather
than detailed comparisons with experiments performed in any
tokamak. Accordingly, the shear profiles and the drift wave
spectrum are chosen to allow assessing if the induced drift wave
transport is affected by changes in the clectric and magnetic
shear profiles.

In section 2, we mtroduce the drift-kinetic model used
to describe particle transport driven by drift waves. In
section 3, we integrate the particle trajectories and investigate
the transport considering different radial electric field profiles.
In section 4, for a reversed shear electric field profile, we
show that transport barriers can be modified by the magnetic
shear. The combined effects of magnetic and electric shears
are summarized and concluded in section 5.

2. Drift—kinetic model

The model introduces the basic equations of motion to describe
particle trajectories following the magnetic field lines and
the electric drift.  We consider an equilibrium electrostatic
potential in the radial direction and electrostatic drift waves
propagating in the poloidal and toroidal directions [ 15]. These
drift waves originate from plasma edge non-uniformities in
a layer of toroidal magnetic confinement. The fluctuating
clectrostatic potential has been assumed as a function of the
amplitude, spatial and time modes.

Here, the particle trajectories are described by the guiding-
centre motion,

dr B ExB

do _ B EXB I
a  UBT TR 1)

and the components of this equation can be written as

dr 1 3¢ o
di  Brog (24)
de B, 18 E,
E_ B __¢ - =, (2b)
dr r B Bar B
deg v )
= 2
dr R’ (2c)

where & = (r, 8, @) inlocal polar coordinates. The considered
plasma configuration corresponds to a layer of large aspect
ratio tokamak. The electric field is given by equilibrium radial
field E, plus a fluctuating component E = —V¢. We assume
B =~ B, » By and the magnetic shear in this model is
introduced by the safety factor profile. Moreover, the chaotic
transport is caused by internal dynamic process without any
external resonant magnetic perturbation.

For the fluctuating potential we use the finite mode drift
wave spectrum,

F@, 1) = Y bpin cos(mb —lp — nent — ), (3)

m.l.n

where @, 1s the mode amplitude, @y 1s the lowest angular
frequency with substantial amplitude in the drift wave
spectrum and ¥y is a chosen initial phase. Thus, we assume
either one drift wave or a set of waves that are described by the
fluctuating electrostatic potential.

As it 1s known that the relative fluctuation levels of
plasma potential are substantial in the edge [6,22.23], we
consider a maximum electrostatic fluctuation ¢y, in this
region. Complementarily, the drift wave spectrum is mainly
chosen to allow assessing if the induced drift wave transport is
affected by changes in the electric and magnetic shear profiles.
Thus. in the numerical simulations we consider drift wave
spectra characterized by a single spatial M/L mode and one
or three harmonics n# in time. The self-dynamic drift wave
response is not considered in our model, i.e. the spectrum is
the same for ditferent shear profiles. Even so, this model
allows investigating the simultaneous influence of magnetic
and electric shears on the plasma edge chaotic transport.

For convenience, we consider action and angle variables,
suchas I = (r/a)? and v = M8 — L. respectively [15]. Note
here that ¢ plays the role of a helical angle defined by dominant
modes (coherent oscillations). Taking these assumptions into
equations (2a)—(2¢). we obtain

N
dl 2™ .
= B D PmLsin(¥ —not —¥),  (40)
M.L.n
dir vy ME,
— =— [ M—q(DL]- , 1b
dt — Rq(l) e Ba/T =

where a is the minor plasma radius, R is the major plasma
radius and g(7) is the safety factor profile as a function of
action variable. In the next sections, particle trajectories are
integrated by a fourth Runge—Kutta numerical scheme and their
mntersections in Poincaré sections are shown in (/, ¥) planes.
The amplitude modes are chosen as ¢y,—» = 4.90¢V,
Dmrin=3 = 0.85eV and @prrn=1 = 0.10eV (see figure 1).

The self-dynamic drift wave response is not considered in
our model; it means that drift wave spectrum is kept fixed.
However. this model allows investigating the simultaneous
influence of magnetic and electric shears at the plasma edge.
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Figure 1. Drift wave spectrum for a dominant M/L mode and
amplitudes ¢yp,—> = 4.90eV, -3 = 0.85eV and
Prria=s = 0.10eV.

3. Electric shear effects

We assume a spatial dominant mode M/L = 4/16 and
investigate the influence of E, profiles by comparing different
Poincaré¢ maps and resonance conditions. The considered
radial electric fields are uniform, monotonic and non-
monotonic profiles, as seen in figure 2(a). The monotonic
profiles are given by the expression E, = 2ar+ £, and the non-
monotonic one by E, = 3ar?+28r +y ., where the cocfficients
«, B and y have to be defined in each case. The coefficients
are set for monotonic E, profile with positive shear as ¢ =
—1.30 x 10® and 8 = —1.60 x 103; for monotonic E, profile
with negative shear as & = 1.30 x 10% and g = —2.40 x 10%;
for non-monotonic E, profile as o = —80.00 x 10°, g =
31.95x10%and y = —6.00% 103. To these profiles correspond
the electric shear profiles shown in figure 2(b), calculated
using the equation Sg, = (r/E,)(dE,/dr). Thus, we assume
either one drift wave or a set of waves that are described by
the fluctuating electrostatic potential without considering any
plasma wave response.

The simulations are performed using this set of
equilibrium radial electric fields and a monotonic safety
factor profile g(r) = 1.99 + 3.99(r/a)® for r < a. and
q(r) = qla)r/a)* for r = a, with g(a) = 5.98 at
the plasma edge. These profiles are chosen to show the
influence of the magnetic shear on the drift-wave-induced
transport and generate distinguishable islands to facilitate
the proposed barrier and islands reconnection analyses. We
consider the particle parallel velocity vy constant along the
particle trajectories, vy = 2.5 kms~! [24]. The lowest angular
frequency wy = 6 x 10* rad s=! has been chosen in the power
spectrum obtained by floating potential measurements [21]
in the TCABR tokamak. For this tokamak configuration we
use R = 6lcm, @ = 18cm and toroidal magnetic field
B = 1.1T. Although we use TCABR parameters to show
numerical examples of the transport dependence on the electric
and magnetic shears, the verified dependence should be valid
for any large aspect ratio tokamak for which electric bias has
been applied to modify the equilibrium electric field.

In figure 3 we present the Poincaré maps by integrating
equations (4a) and (4b) for various initial conditions. The
solutions of this integration are selected at the toroidal section
@ = 2m/wprad. In these Poincaré maps, the minor plasma

radius lies at I = 1.0, but we show [ up to 1.2 in order to
identify the particle transport to the chamber wall. For the
uniform £, profile, see figure 3(a), chaotic particle trajectories
occur for I 2 0.6. When changing the previous E, profile
to the monotonic one with negative shear, we observe islands
almost destroyed and embedded in a chaotic sea, as can be seen
in figure 3(b). However, periodic structures arise in [ 2 0.9
for the monotonic E, profile with positive shear, as seen in
figure 3(c). Note that, the monotonic E, shears have the same
modulus but lead to distinct transport values at the plasma
edge, reduced for the positive electric shear. For the non-
monotonic case in figure 3(d), the phase space structure 1s
deeply modified and a shearless invariant curve (depicted in
blue) appears at the plasmaedge. This curve is seen as a particle
transport barrier that allows trapping chaotic trajectories inside
the plasma. Moreover. all Poincaré maps have been obtained
for the same drift wave spectrum, hence transport reduction 1s
observed without a necessary change in the fluctuation levels
of plasma potential.

Since the chaotic regions are quite similar for uniform
clectric field profile (figure 3(a)) and monotonic one with
negative shear (figure 3(b)), we calculated the time dependence
of the standard deviation for particle radial position,

N
o) = %Z(r;(f) — (), (5)

v=1

for an ensemble of N = 1000 particles initially located
from I = 0.9 to 1.0. In figure 4, the standard deviation
for the monotonic E, profile with negative shear indicates
a smaller radial particle transport than in the uniform E,
case. Thus, introducing electric shear reduces the transport
at the plasma edge. Note that assuming the same set of
mitial conditions and time integration, more intersections are
observed in the chaotic region of the monotonic E, field
with negative shear (figure 3(b)). This occurs due to the
confinement improving along the toroidal direction. such
that more trajectory intersections are selected at the Poincaré
section. Hence, the considered monotonic E, profile generates
alarge enough shear in the E x B poloidal zonal flow to reduce
the transport driven by drift waves, as first proposed by Biglari
et al [23].

The periodic islands in the Poincaré maps can be explained
by taking the resonance conditions. For this, we assume the
time invariance of the action variable in equation (4a) that
implies d/dt (¥ — nwgt) = 0. Then, the resonance condition
is obtained when (dvr/dt) /wg assumes values of the time mode
n for a determined action I in equation (4b).

For the set of radial electric field profiles we calculated
the resonance conditions, as shown in figure 5. This shows
that the resonance n = 4 is related to the lowest non-zero
clectrostatic amplitude in the drift wave spectrum (see figure 1)
and occurs at [ = 0.4 for all £, profiles. For uniform and both
monotonic E, profiles, the resonance n = 3 is observed as a
single perturbation at / = 0.8. However, the non-monotonic
case reveals the resonance n = 3 with double location at
I = 0.6 and I = 1.0, which corresponds to the twin islands
separated by invariant surfaces in figure 3(d). In addition to
that, the resonance n = 2 1s related to the highest electrostatic
amplitude in the drift wave spectrum and provides secondary
islands at the plasma edge.



Nucl. Fusion 54 (2014) 064001

70

K.C. Rosalem et al

'1.6 T T T T T T T T T
—~ 8 ki P N
E L ‘"“.4"\_ N, |
s 2.0 —# —
~ Ko
" L/ o v
22+ “\.‘—
-2

'4 1 1 L 1 1 1 L 1 L
05 06 07 08 09 1.0
r/a

mm 0.5 P ,/ |

2-0 T T T T T T T 1§ T

15

1.0 - A

0.0

[ N rd
0.5 b !
V.20 N 4 T

r ~. -

-1.0 PR O U A S M S
00 02 04 06 08 10
r/a

Figure 2. (a) Radial electric field and () electric field shear profiles for (solid black line) uniform, (dashed green/red line) monotonic with
positive/negative shear and (dashed—dotted blue line) non-monotonic cases.
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Figure 3. Poincaré maps for uniform (a), monotonic with negative shear (b), monotonic with positive shear (¢) and non-monotonic (d)
electric field profiles. The shearless curve is depicted in blue for the non-monotonic case.

To determine the radial position at the shearless invariant
curve in figure 3(d). we calculate the rotation number that is
defined as Q = lim;_.o Av;/i. For this, each action variable
I gives an initial condition to  and dQ2/d/ = 0 leads to the
shearless point shown in figure 6.

It is known that electric reversed shear may result in
conditions to generate particle transport barriers located at the
shearless radial position [15,17]. In the map of figure 3(d)
we identify such a distinctive invariant curve, in fact, a
peculiar transport barrier caused by the electric reversed shear
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Figure 4. Standard deviation for (black line) uniform E, profile and
(dashed red line) monotonic E, profile with negative shear.
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Figure 5. Resonance conditions for (solid black line) uniform,
(dashed green/red line) monotonic with positive/negative shear and
(dashed dotted blue line) non-monotonic E, profiles.

configuration of figure 2, located at the shearless radial position
where dQ2/d] = 0 (sec this radial position in figure 6). The
indicated shearless barrier separates the particle orbits in the
phase space and reduces the particle transport [26. 27]. Thus,
this shearless curve acts as an internal transport barrier. Even
if this barrier is broken by other waves, we expect, from
other map analysis [28], that the chaotic orbits may present a
large stickiness around the remaining islands, that reduces the
transport. Moreover, we also observe that the magnetic shear
causes a radial displacement of that barrier. Namely, note in
figure 2(b) that the shearless position for non-monotonic E,
profile is found at r/a = 0.7, which corresponds to I = 0.5.
However, the Poincaré map (figure 3(d)) shows the invariant
curveat ] = 0.8. Thisdisplacement occurs due to the magnetic
shear, as can be inferred from the presence of the safety factor
profile in equation (45) used to calculate the phase evolution.
Other magnetic shear effects on transport barriers are further
analysed in more detail in the next section.

4. Magnetic shear effects

In addition to the previous section, next we further show that the
magnetic shear can modify the particle orbits predicted by the

3.0 T T T T T T

shearless point

27 L | L | | L

0.70 0.75 0.80

[

Figure 6. Rotation number profile for non-monotonic electric field
case. The dot corresponds to the position of the shearless curve
depicted in figure 3(d).

0.85 0.90

clectric drift as the safety factor changes at the plasma edge.
To make this effect evident we consider the non-monotonic
clectric shear profile of section 4 (represented by the non-
monotonic dashed line of figure 2) and two different magnetic
configurations, namely, two shear profiles with different g (a)
values. Comparing the particle orbits, represented in the
Poincaré maps, we show that the alteration of the plasma
edge safety factor significantly modifies the shearless transport
barrier created by the considered non-monotonic electric shear
profile. The described modification occurs because the less
sheared magnetic configuration approaches the twin islands
around the shearless transport barrier. The two safety factor
profiles are chosen mainly to evidence the orbit alterations with
the magnetic shear variation. These chosen profiles satisfy the
resonant condition required for the existence of the shearless
barrier. For example, the investigated shearless barrier does
not exist for a profile varying from g(0) = 1 to g(a) = 3:
although in this case the shear values are similar to those of the
profile with g(0) = 2 and g(a) = 4. the necessary resonant
condition is not satisfied. Yet, the attendance of the mentioned
resonant condition is further evidence of the influence of the
magnetic shear on the onset of transport barriers.

The magnetic shear is obtained by S, = (r/g)(dg/dr).
with g(r) = 1.99 4+ 1.99(r/a)? for r < a. and g(r) =
q(a)(r/a)* for r > a. with g(a) = 3.98 at the plasma edge.
All the other parameters are the same as those used in the
previous section.

The two safety factor and magnetic shear profiles
considered in this section can be seen in figure 7. The
new magnetic configuration introduced in this section, with
g(a) = 4, has a lower magnetic shear compared with the one
used in section 3 with g(a) = 6.

Figure 8 shows dimerized islands after a reconnection
process of 1sland separatrices [29]. This reconnection occurred
due to the smaller separation between the hyperbolic point
in the upper (lower) chain and the elliptic point in the lower
(upper) chain caused by the magnetic shear decrease. This
approach between the twin island chains can be understood
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Figure 7. (a) Safety factor and (b) magnetic shear profiles for (dashed dotted blue line) g(a) = 6 and (solid grey line) g(a) = 4 cases.

Figure 8. Poincaré maps for safety factor profile g(a) = 4 at the
plasma edge. The shearless curve is depicted in blue.

by verifying, in figure 9. the lower separation of the two
resonance localizations (where the island chains appear) for
the lower shear case. In figure 9, the resonance localization
is indicated by the condition (dv/df)/wy = n = 3. The
topological difference between the twin islands around the
shearless invariant curve, observed in the maps of figures 3(d)
and 8, is associated with orbit reconnection. This difference
is a kind of reconnection typical of non-monotonic systems
that present non-twist maps with shearless curves. In addition
to the island reconnection, the reduction in magnetic shear
also induces the onset of meanders, robust nvariant curves
on both sides of the shearless curve. The reconnection and
the meanders are common to the non-twist maps as described
in [26,27].

5. Conclusions

We investigated the influence of electric and magnetic
equilibrium profiles on the plasma edge particle transport in

3.25
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L l (- | L L
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Figure 9. Resonance conditions around n = 3 for (dashed—dotted
blue line) g(a) = 6 and (solid grey line) g(a) = 4 cases.

tokamaks. To do so, we applied a non-integrable drift-kinetic
model to describe particle transport driven by drift waves in
large aspect ratio tokamaks. In this model the particle transport
is due to the Lagrangian chaotic trajectories of the test particles.
We performed numerical simulations of particle motion by
integrating the canonical equations, for the total flow formed by
the equilibrium sheared flow and a few dominant resonant drift
waves and the sheared equilibrium magnetic field. Thus, we
considered different radial electric field profiles and our results
concerning the particle transport contamed the combined
effects of magnetic and electric shears. Consequently, we
studied the transport dependence on the radial profiles of the
electric and magnetic fields. In our numerical simulations
we considered electric shear profiles representative of those
observed in tokamaks with an electric bias. Rather than
comparing our results with particular experiments, we looked
for conceptual transport alterations expected from the profile
modifications created by the biasing.

In our analysis we obtained Poincaré mappings from
numerically integrated particle trajectories and compared the
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extension of chaotic regions for uniform and monotonic
electric and magnetic field profiles with different shears.
Moreover, we also calculated the radial transport for these
different profiles. Thus, we showed that particle transport at
the plasma edge can be reduced by properly modifying the
electric and magnetic shear profiles.

For non-monotonic radial electric field profile, we also
observed non-twist transport barriers displaced from the
shearless point due to the presence of the magnetic shear.
The shearless curve in the Poincaré maps were identified
by the extreme values of the rotation number profiles of the
These barriers are robust and persist for
magnetic shear variations expected in present tokamaks.

invariant curves.
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Abstract. Particle transport driven by electrostatic waves at the plasma edge is numerically
investigated, for large aspect ratio tokamaks, by considering a kinetic model derived from
guiding-center equations of motion. Initially, the transport is estimated for trajectories obtained
from differential equations for a wave spectrum generated by a dominant spatial mode and
three time modes. Then, in case of infinite time modes, the differential equations of motion are
used to introduce a symplectic map that allows to analyze the particle transport. The particle
transport barriers are observed for spatial localized dominant perturbation and infinite modes.
In presence of infinite spatial modes, periodic islands arise in between chaotic trajectories at
the plasma edge.

1. Introduction

Several experiments in tokamaks indicate a broad frequency spectrum of plasma drift waves for each
wave number [1-3] and the dnft waves show substantial amplitudes that imply chaotic particle
trajectories [4-8]. Thus, the drift waves are essential features to properly describe the observed driven
turbulent transport. Accordingly, this transport is mainly caused by the particle E X B drift due to the
equilibrium and the perturbing electric fields [9,10] and such transport is much affected by the
equilibrium field radial profiles [11-13].

In this work, we integrated numerically particle trajectories to investigate the relation between
transport and electrostatic wave fluctuations at the plasma edge for large aspect ratio tokamaks.
Initially, we assume different amplitude levels i the wave spectra for three specific time modes. The
particle trajectories are obtained by integrating differential equations. Complementary, to investigate
mfinite mode perturbations, these equations of motion are rewritten as a symplectic map in which all
modes have the same amplitude.

Early works on electrostatic wave fluctuations derive a drift wave maps around the radial position
associated to the minimum of safety factor profiles [4-6]. However, the confined particles can leave
the neighborhoods of this minimum point for long time integration. Avoiding this radial limitation, we
show how the transport is affected by changing the shear of the radial electric and poloidal magnetic
fields [14]. To describe drift waves in tokamak plasmas, the electrostatic spatial modes have to be
defined by a dominant perturbations or treat as a generalized modes. Besides, we also study how the
particle orbits are modified when the local perturbations are replaced by infinite spatial modes.

In section 2, we introduced the drift-kinetic model that leads to the differential equations for the
particle trajectories in the vicinity of a given magnetic and electric field profiles. In section 3, we

To whom any correspondence should be addressed.
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compared the Poincaré maps obtained by integrating the drift-kinetic model for specific resonances
with the symplectic map for infinite spatial modes. The observed particle transport is summarized and
concluded in section 4.

2. Drift-kinetic model

This section provides the model for which the particle trajectories can be calculated in presence of
fluctuating electrostatic potential, describing drift waves propagating in the poloidal and toroidal
directions according to the spatial modes. For that, we consider the particle trajectories along the
magnetic field lines and the displacement due to the drift velocity in the guiding-center equation of
motion,

% = v"§ + %. (D
where the components of x = (r,9, @) are defined as the local polar coordinates. Thus, the plasma
configuration corresponds to a layer of large aspect ratio tokamak.

The electric field is composed by a fluctuating component E = —F¢ plus an equilibrium radial
profile E,., and the magnetic curvature is introduced by the safety factor profile for B = B, > By. In
order to consider a fluctuating potential in this model we use the wave spectrum,

(ﬁ(x: t) = Zm,l,n ¢m,1,n cos(mid — lp — nw,t), (2)

where ¢, |, is the mode amplitude, w, the lowest angular frequency with substantial amplitude in the
drift wave spectrum, m and /7 define the spatial modes and » the time mode in this coordinate system.
In the numerical simulations, we assume a dominant M/L spatial mode and three harmonics » time
modes.

We introduce action and angle variables as [ = (r/a)? and ¥ = M — Lo, respectively [5].
Taking these assumptions we obtain the differential equations for the particle trajectories,

dl 2M .

a ﬁzﬁ,};,n (pm,l,n sin(¥ — nwot) ’ (3)
d_‘}f _ v _ _ MET(I)
at ~ Rq(l) (M =Lq(D] aByI @

To solve this system, the equilibrium fields and the parallel velocity along the magnetic field lines
have to be defined for a set tokamak parameters.

3. Transport barrier and diffusion

We investigate numerically the particle transport properties by integrating the equations of motion.
Simulations are carried out using the TCABR tokamak parameters, assuming a dominant spatial mode
M/L = 16/4, particle parallel velocity constant vy = 1.5 km s™! along the trajectories [15] and
lowest angular frequency wy = 6 X 10* rad s~ [3]. For this tokamak configuration we use R =
6lcm, a=18cm and B =1.1T. We choose the non-monotonic electric field and monotonic
magnetic field profiles discussed in [14].

In order to analyze changes in the radial transport due to the amplitude modes ¢y, We compare
the wave spectra for the cases (a) and (b) in figure 1. These perturbing spectra are composed by three
time modes n at the plasma edge, whose resonance radial positions can be determined by taking the
condition d /dt (W — nwyt) = 0. In figure 2 we observe the resonance conditions around n = 3 with
double location for the radial positions.

(=)
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Figure 1. Eletrostatic wave spectra (a) and Figure 2. Resonance conditions around n = 3
(b) for a dominant M/L = 16/4 spatial and assuming the lowest angular frequency as
mode. wo = 6 X 10* rad s~ for the cases (a) and (b)
in figure 1.

In figure 3(a) we present the Poincar¢é map obtained by integrating equations (3) and (4) for various
mitial conditions and assuming the wave spectrum (a) shown in figure 1. The resonance n = 3
corresponds to the twin islands separated by the shearless curve depicted in red, which is located by
the extremum value of the rotational number profile [14]. In figure 3(b) we assumed the wave
spectrum (b) of figure 1, and all the other parameters are the same as those used mn the previous map.
The onset of meanders [16,17] are induced around of the shearless curve by increasing the wave mode
amplitudes. Furthermore, this mode increasing also gives rise to noticeable chaotic trajectories around

the mner radial perturbation created by n = 4. as seen in figure 3(b). The mvariant shearless barrier
persists for the modified spectrum.

0.2 -_—
-0.4 -0.2 0.0 02 0.4
¥/2n (b)

Figure 3. Poincaré maps for the wave spectra (a) and (b) in figure 1. The potential mode
amplitudes in case of (a) are Pprn=2 = 1.30V, Ppyrn=3 = 0.60V, and ¢pyp=4 = 0.20 V. for
(b) are Pprpn=2 = 145V, ¢pypn=s = 1.10 V. and ¢y ,,=4 = 0.55 V. The shearless curves can be

identified by the mvariant in red. Imitial conditions for running diffusion coefficients are shown
in the blue grids.

Figure 4 shows the time dependence of the running diffusion coefficient [4] calculated for the
particle radial positions for cases (a) and (b) of wave spectra in figure 1. For these calculations, we
considered the blue grid i the Pomcaré maps of figure 3. One observes the increase of particle
transport as increasing the amplitude modes by modifying the wave spectrum.
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Figure 4. Runming diffusion coefficients for the blue grids depicted in figure 3.

Despite this model relates a specific electrostatic amplitude for each time mode, 1t 1s limited by the
wave spectrum characterized by finite » modes. To simulate how a continuum wave spectrum affects
the particle transport, a symplectic map is derived for infinite time modes. In this case, one can
approach the oscillations sum by considering the delta function and impulsive iterations at time
t = 2nn/w,. Thus, one can rewrite the equations (3) and (4) as a map given by

4mM ,
Ingr = Iy + ﬁ({bi\u sin(y), )
Xn+1 = Xnv + Ri(Uys1) + Ro(yyq), (6)
—_ Y _
_ _ MEQ)
RZ(I) - a}OFLB\fT' (8)

where the angle variable is defined as y = ¥ /2m.
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Figure 5. Symplectic map (b) for potential mode amplitude ¢, = 0.65 V and (b) the same map
amplified at the plasma edge.

In figure 5 we present the symplectic map by using the equations (5) and (6) for various initial
conditions and considering the same dominant spatial mode as in figure 3. The symplectic map shows
the same structures for particle transport predictions, as seen in figure 5(a). Since the map has infinity
time modes at the plasma edge, we expect to identify many islands immersed in a chaotic sea, as it 1s
clearly shown by the amplification in figure 5(b).
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4. Conclusions

We have investigated how the particle transport increases with the mode amplitude of the fluctuating
electric potential and how this transport changes with the radial field profiles. To analyze this
dependence, the running coefficient has been computed and compared for modifications in the drift
wave spectrum. We observed in the Poincaré maps robust barriers provided by the electric and
magnetic configurations that persist for these spectra. Through the resonance condition, we 1dentified
these barriers i between the twin islands region. From the equations of motion we introduced a
symplectic map to consider infinite time modes of perturbations. For this map method, we observed
many islands where the particles could be trapped along of their trajectories at the plasma edge.
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Drift-wave transport in the velocity shear layer
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Particle drift driven by electrostatic wave fluctuations is numerically computed to describe the transport in a gradient velocity
layer at the tokamak plasma edge. We consider an equilibrium plasma in large aspect ratio approximation with E X B tlow
and specified toroidal plasma velocity, electrie field, and magnetic field profiles. A symplectic map, previously derived for
mfinite coherent time modes, 1s used to describe the transport dependence on the electric, magnetic, and plasma velocity
shears. We also show that resonant perturbations and their correspondent islands in the Poincaré maps are much affected by
the toroidal velocity profiles. Moreover, shearless transport barriers, identified by extremum values of the perturbed rotation
number profiles of the invariant curves, allows chaotic trajectories trapped into the plasma. We investigate the influence of

the toroidal plasma velocity profile on these shearless transport barriers.

I. INTRODUCTION

Tokamak plasma confinement is limited by the electrostatic turbulence and the associated particle transport at the plasma
edge [1, 2]. The turbulence-driven particle transport is mainly caused by the particle E X B drift [3-5] at the plasma edge and
the fluctuating electrostatic field 1s associated with drift waves, driven by equilibrium radial gradients, propagating in the
poloidal and toroidal directions [6]. Several experiments in tokamaks show this transport reduced by properly changing the
equilibrium radial profiles of the electric and magnetic fields [7, 8, 9].

To mvestigate the influence of the electric and magnetic fields profiles on the particle transport at the tokamak plasma
edge, a guiding-center model was proposed to describe the particle transport, driven by drift waves propagating in the plasma
edge, for large aspect ratio tokamaks with an equilibrium E X B poloidal flow [10, 11]. This model has been applied to
numerically mvestigate the onset of transport barriers mn tokamaks [12. 13]. Complementary, influence of the E X B poloidal
flow on the turbulence and plasma edge transport has been experimentally 1dentified [3, 4] and theoretically mvestigated [14].

The model introduced i Ref. [11] was used to derive, for a spectrum with infinite coherent time modes, a non integrable
symplectic map that describes test particle transport in sheared plasmas. This drift map has been used to numerically

investigate the transport dependence on electric and magnetic shears spatial profiles [13]. On the other hand, tokamak

81



experiments and initial simulations show that particle transport depends on the particle velocity profile [15-18]. However, the
influence of the velocity profile on the particle transport has not yet been much explored in the mentioned drift map.

In this work, we apply the drift map derived m [11] to numerically obtain Poincaré maps which show the influence of
particle toroidal velocity profile on the particle transport at the plasma edge. In particular, assuming equilibrium profiles for
electric and magnetic fields, and plasma flow, we give examples of changes m the shearless mvarnant lines, observed at the
radial position where the rotation number profiles has an extremum. These shearless lines act as internal particle transport
barriers separating trajectories i the phase space. Considering a non-monotonic radial electric field profile, for both the
monotonic and non-monotonic safety factor profiles, we give examples of the mfluence of the uniform and non-uniform
velocity profiles on the transport and the periodie structures seen in these maps.

In section II. we present the symplectic map that describes the particle trajectories. In section III, we introduce the
equilibrium electric field, safety factor, and parallel velocity profiles. In section IV, the parallel velocity effects are
investigated for a monotonic safety factor profile. In section V, we analyze such effects for a safety factor non-monotonic

profile and show how the particle transport increases with the potential amplitude. The conclusions are left to the section VI.

Il. DRIFT MAP
The considered plasma configuration corresponds to a layer of a large aspect ratio tokamak. In the considered model,

particle trajectories are described by the guiding-center equation of motion
@t m
where x = (1,9, ¢) is written in local polar coordinates with  as the radial position, ¥ and ¢. respectively, as the poloidal
and toroidal angles. The electric field is composed by a fluctuating component E = —F@ plus an equilibrium radial field E,.,
and the magnetic configuration is introduced by the safety factor profile for B = B,, > By. Here vy is the particle velocity
along to the toroidal direction. In this approximation, the safety factor can be calculated as q = rB,,/RBy.

For the fluctuating potential we use the finite mode drift wave spectrum,
B, 0) = Xppn Pmin OS(MI = Lp = nagt) 2
where all mode amplitudes ¢, are equal for the considered range of radial position, M and L define the dominant spatial
modes 1n this coordinate system, and @, the lowest angular frequency with substantial amplhitude m the drift wave spectrum.

Considermg an infimte number of modes with frequencies nwg 1t 1s possible to mtroduce mmpulsive iterations at t =

2mn/wyg -
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For convenience, we assume action and helical angle variables [11], such as I = (r/a)? and ¥ = (M9 — L¢),

respectively. In Ref. [11], for the considered wave modes, the following symplectic drift map equations were derived

4 M

Inyr =In+ m(.bML sin(y) (3)
v = Xn + Rilyi1) + Ry(Uyyy) 4
Ry() = 72455 1M = 1 ()] 3)
R(1) = -2 (6)

where y = ¥ /2m. To solve these equations we have to introduce the electric and magnetic equilibrium fields. Furthermore,
the parallel velocity profile vy(I) can be inserted in this model considering its experimental dependence with the radial
plasma position [19]. Since we are interested in studying what occurs near the plasma edge where R,(I) > R, (1), the
resonance conditions of interest are mainly determined by the safety factor and the parallel velocity profile that appears m
R, (D).

For ¢y, = 0 the map is integrable, all orbits are regular, either periodic or quasi-periodic for any initial condition,
I'=Iyand Ay = Ry(I) + Ry(1). In this case, the rotation number £2(I) is a constant along to the orbit for each initial action
Iy. Then, each invariant line is horizontal in the phase space and characterized by its rotation number. The wave
inclusion, ¢y # 0, breaks the integrability and I is not anymore a constant of motion. Even so, for the rippled mvariant
lines we can define the rotation number as the limt 2 = lim;_,., A%;/i. Thus, m general, the rotation number 2 (I)) depends
on the I value.

On the other hand, considering the wave perturbation, the map describes a mixed phase space with regular and chaotic
orbits. The particle transport occurs whenever the orbits are chaotic, and for these orbits the rotation number 1s not defined. In
this context, the remaining invariant curve act as transport barriers, but, in general, they can be destroyed by increasing the
perturbing wave amplitude [20]. However, an mvariant line may resist to be broken 1f their rotation number 1s an extremum.
This shearless line acts as lasting internal transport barrier [21], limiting the transport to each side of phase space, and a

strength perturbation amplitude is required to break it allowing a global transport.
lll. ELECTRIC, MAGNETIC, AND VELOCITY PROFILES
In this work, we assume a spatial dominant mode M/L = 15/6 and a non-monotonic radial electric field E,. to

investigate the influence of v profiles for monotonic and non-monotonic magnetic configurations given by the safety factor

profiles. For that, particle parallel velocity with positive uniform, negative uniform and sheared profiles are combined with
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both magnetic configurations. The parameters and profiles used in the present work are compatible with those chosen in Ref.
[19] to simulate the transport in TCABR tokamak.

The non-monotonic electric field profile is given by the expression E, = 3ar? + 2fr + y, where the coefficients are
a = 80.00 x 103, f =31.95 x 10% and y = 3.00 x 103 (see Fig. 1(a)). All results of this study are obtained by assuming
this non-monotonic radial electric field that is seen as a factor to develop a particle transport barrier that allows trapping
chaotic trajectories inside the plasma [13]. For monotonic safety factor profile we use q(I) = 2.00 + 3.00 I? and for non-
monotonic one g(I) = 5.00 — 6.30 12 + 6.30 I3, see Fig. 1 (b). These profiles are chosen to investigate the influence of

magnetic and electric shears, combined to the particle parallel velocity, on the particle transport.

30 T T T T 6 T T T T

E. [kV/m]

-1.0 A i Y A 1 . i i " i i
0.0 0.2 04 086 o8 1.0 0.0 02 0.4 086 08 10
| (a) I (b)

FIG. 1. Radial electric field (a) and safety factor (b) with monotonic profile (solid line) and non-monotonic profile (dashed line).

The simulations are performed using the particle parallel velocities vy = 2.5km/s, vy = —2.5km/s. and v (I) =
2.5tanh(10.01 — 9.6) [km/s] m the case of sheared profile characterized by gradients at the plasma edge (see Fig. 2).
These velocity profiles are compatible with the experimental measurements in TCABR tokamak [19]. The lowest angular
frequency in the power spectrum obtained by floating potential measurements is wp, = 6 X 10* rad/s. Finally, for this

tokamak configuration we use R = 61 cm, a =18 cmand B = 1.1 T [12, 13, 19].
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FIG. 2. Radial velocities for positive uniform profile (green line), negative uniform profile (red line) and sheared profile (blue dashed line)
at the plasma edge. Colored only in the online version.

IV. PARALLEL VELOCITY EFFECTS WITH MONOTONIC SAFETY FACTOR PROFILE

Titially, we mvestigate the particle trajectories for each of the three parallel velocity profiles, shown m Fig. 2, with the
electric field profile of Fig. 1(a) and the monotonic safety factor profile of Fig. 1(b). For each velocity profile, we present a
set of orbits in the phase space and the rotation number profiles, calculated as defined in Section III, i.e., for orbits starting
with a fixed initial helical angle ¥ n the phase space. The periodic orbits are observed around the radial position where the
rotation number assumes rational values and the shearless radial position is located at the maximum or minimum of the
rotational number profiles.

Figure 3 shows Pomcaré sections of the drift map for ¢y, = 250 mV using thuee different velocity profiles. For positive
uniform velocity profile, we observe resonance condition around I = 0.5 and chaotic particle trajectories occur for I > 0.8,
as shown m Fig. 3(a). Changing vy for a negative uniform velocity we observe the positions of hyperbolic points replaced by
stable elliptic points, as seen i Fig. 3(b). The Poincaré map for sheared velocity profile 1s shown i Fig. 3(c), where we
observe the inner island as the one around I = 0.5 seen in Fig. 3(b). However, we observe the periodic structures embedded

m a chaotic sea with the elliptic points located at ¥/ /2w =~ 0 as those seen m Fig. 3(a).
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FIG. 3. Poincaré maps for potential mode amplitude ¢,,; = 250 mV and positive uniform velocity (a), negative uniform velocity (b) and
sheared velocity (c) profiles showed in Fig. 2. The shearless curve is depicted in red in (c). For these maps we used a monotonic safety

factor profile showed in Fig. 1(b). Rotation number profiles at ¥ /2 = 0 for positive uniform velocity (d), negative uniform velocity (e)
and sheared velocity (f).

We present in Figs. 3(d)-3(f) the rotation number profiles according to Figs. 3(a)-3(c), respectively. For comparisons, the
rotation number profiles are calculated not only for ¢y, = 250 mV, the perturbing wave amplitude value used to obtain the

phase space, but also for ¢y, = 0, assuming initial conditions at ¥ /2w = 0.
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In Fig. 3(d) we obtam negative values for rotation number due to the changes A¥ from positive to negative values. Thus,
altering the signal of v we modify the helicity variation. Note in Fig. 3(a) the island around I = 0.5. which corresponds to a
resonance condition with null global rotation number. The changing of v signal in Fig. 3(e) leads to the replacement from
elliptic point to a hyperbolic one, located around I = 0.5. In Fig. 3(f) we indicate the coordinate for which dQ/dI = 0,
posttion correspondent to the shearless curve depicted in red for the mapping of Fig. 3(c). Therefore, the maximum value of
the numerically obtained rotation number profile for sheared velocity is observed at I = 0.86 in Fig. 3(f). With this
observation we deternune, for an mitial condition (I = 0.86, ¥ /2r = 0). the shearless curve m the map of Fig. 3(c). 1. e., the

location of the barrier is identified by the shearless point of the rotation number profile.

V. PARALLEL VELOCITY EFFECTS WITH NON-MONOTONIC SAFETY FACTOR PROFILE

In addition to the previous section, we mvestigate the parallel velocity effects over the particle transport when assuming
the non-monotonic safety factor profile, showed i Fig. 1(b). For positive uniform velocity profile, we observe in Fig. 4(a) a
double resonance, with twin islands located at I = 0.7 and chaotic particle trajectories for I > 0.9. As observed n the
previous section, the change to the negative uniform velocity profile shifts the position of elliptic to the hyperbolic points, as
seen in Fig. 4(b). In case of sheared parallel velocity profile, we obtain a mapping characterized by both radial regions of
Figs. 4(a) and 4(b), for low and lugh I values: but with an evidence of a saddle-node bifurcation, as seen i Fig. 4(c).

The periodic structures observed in these mappings can be explained by the rotation number profiles £2. showed in Figs.
4(d), (e), and (f). From these profiles, we observe twin islands caused by a resonance with rational number of 2. By
comparing the position of the shearless line with the twin islands in Figs. 4(a) and (b), we recognize the occurrence of a
bifurcation mvolving the island reconnection [22]. In Fig. 4(c), we observe a resonance that leads to a different topology, not

observed m Figs. 4(a) and (b), discussed later on.
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FIG. 4. Poincaré maps for potential mode amplitude ¢,; = 250 mV and positive uniform velocﬂy (a), negative uniform velocity (b) and
sheared velocity (c) profiles showed in Fig. 2. The shearless curves are depicted in red in (a), (b) and (c). For these maps we used a non-
monotonic safety factor profile showed in Fig. 1(b). Rotation number profiles at ¥ /2 = 0 for positive uniform velocity (d), negative
uniform velocity (e) and sheared velocity (f).

The map for sheared velocity and non-monotonic safety factor profile is now further studied to show the influence of
mode amplitude on the shearless bifurcations. In Fig. 5. we present mappings and colored shearless invariant curves obtained
for sheared velocity using the following mode amplitudes: 1 mV, 20 mV, 65 mV and 100 mV. Figures 5(a)-5(c) have two
shearless curves while Fig. 5(d) has only one. Figures 6(b)-6(e) shows the corresponding rotation number profiles with the

shearless points indicated by the same color used to represent the shearless curves in Fig. 5. Note that, for comparison, Fig.

8
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6(a) shows the rotation number profile for null mode amplitude with two shearless pomnts due to the non-monotonic

equilibrium profile (as expected from R, (I) expression given by Eq. (5)).

T - 0s -
050 025 000 025 050 -0.50 025 0.00
¥i2r (©) ¥ 2r
FIG. 5. Poincaré maps for potential mode amplitudes ¢, = 1 mV (@), ppy = 20 mV (b), ¢p = 65 mV (¢) and ¢y, = 100 mV (d) for
sheared velocity profile showed in Fig. 2. The shearless curves are depicted as the same color of those showed for the sheared points in Fig.
6. For these maps we used a non-monotonic safety factor profile showed in Fig. 1(b).
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FIG. 6. Rotation number profiles at ¥ /2 = 0 for the set of maps showed in Fig. 5. The sheared points are depicted using the same colors
of those for the shearless curves in Fig. 5.

As the amplitude mode increases the twin islands show a saddle-node bifurcation, in which the two shearless curve
positions are displaced from the initial radial positions seen for low amplitudes. Thus, in Fig. 5(a). even for the low amplitude
¢ur =1 mV, we observe the twin islands. Increasing the amplitude to ¢uy = 20 mV, the twin islands about I = 0.8 go
through a reconnection, as showed m Fig. 5(b). The two shearless curves approach each other as the perturbation parameter
increases further, as seen in Fig. 5(c) for ¢y = 65 mV. The twin islands also approach to the inner island, originating a
saddle-node bifurcation, where the elliptic points are aligned and sharing the same periodic structure for ¢y, = 100 mV, as
seen in Fig. 5(d). Furthermore, only one shearless curve survives such bifurcation. The displacement of the shearless curves
and the bifurcations, with the mcrease of potential mode amplitude, are confirmed by the maximum and mmmum of
rotational number profiles showed n Figs. 6(b)-6(e).

Finally, increasing further the perturbation for ¢by;, = 300 mV, part of the invariant curves are destroyed and the saddle-
node bifurcation is surrounded by chaotic trajectories, as shown in Fig. 7(a). Nevertheless, the shearless curve still survives as

confirmed by the rotational number profile, obtained for initial conditions with ¥ /2w = —0.5, shown in Fig. 7(b).

10

90



094 0.0688
09687
08
0.9686 |-
- 07 C 09685
0.9684
06 sheariess point
09683
054 - - — 09682 L L .
-0.50 -0.25 0.00 0.25 0.50 0682 0687 08692 0687 0702
¥/ 2n (a) 1 )
FIG. 7. Pomcaré map for potential mode amplitude ¢y; = 300 mV usimg non-monotonic safety factor profile of Fig. 1(b) and sheared
velocity of Fig. 2. The shearless curve is depicted in red in (a). Rotation number profile (b) for ¥ /2w = —0.5 for the same parameters of
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Complementary, the drift map has also been obtained to investigate how the particle transport becomes significant with
the potential mode amplitude mcrease. Here, we use a color scale relative to the particle mitial position to evaluate how the
particle transport changes with the potential amplitude. Thus, Fig. 8 shows examples of the mappings, for four different
potential amplitudes, having the same initial radial positions indicated by the color scale. As a consequence of the potential
amplitude dependence, the same initial colored pomts are more spread in the phase space for higher amplitudes, as we
recognize 11 Figs. 8(a)-8(d).

In Fig. 8(a), for a low perturbation, ¢, = 1 mV, only a neghgible localized transport 1s noticed. In Fig. 8(b) radial
particle displacement 1s still negligible, but the mnvariant curves are deformed as the potential mode amplitude 1s increased to
¢y, = 65 MV, 1. e, the trajectories fill radial positions far away from those observed m Fig. 8(a). On the other hand, the
trajectories are chaotically spread at the plasma edge for ¢, = 300 mV. as seen mn Fig. 8(c). In Fig. 8(d), we observe
chaotic trajectories around the saddle-node bifurcation with particle trajectories much displaced from mitial positions. These
results show long radial particle displacements for several mitial conditions, moving to long distance radial positions for
which the velocity changes due to the considered velocity radial profile (see Fig. 2). Therefore, these maps allow

understanding how the chaos and radial particle displacement develop as the amplitude mode increases at the plasma edge.
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FIG. 8. Symplectic maps for sheared velocity profile of Fig. 2 and potential mode amplitudes ¢y, = 1 mV (a), ¢p, = 65 mV (b).
¢y = 300 mV (c) and ¢y, = 500 mV (d). The color scale in these maps indicates the initial radial particle positions showed in (a).

VI. CONCLUSIONS

A symplectic drift map was used to describe the particle drift driven by electrostatic wave fluctuations in a velocity shear
layer at the tokamak plasma edge considering a large aspect ratio approximation with E X B flow. We showed that the
particle transport at the tokamak plasma edge is much affected by the parallel particle toroidal velocity profile.

With this procedure, we obtained test particle trajectories for chosen safety factor, electric field, and velocity profiles. At
the plasma edge the trajectories are mainly determined by the safety factor and velocity profiles and are identified as regular
or chaotic. The chaotic trajectories, associated with the chaotic transport, changed with the velocity profile. For both
monotonic and non monotonic magnetic configurations, we observed robust shearless barriers, provided by the gradient
velocity layer, separating trajectories in the phase space. We also observe how resonance and shearless curve bifurcations

affect the particle transport.
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Abstract Plasma turbulence at the edge of tokamaks is an
issue of major importance in the study of the anomalous
transport of particles and energy. Although the behavior of
a turbulent plasma seems intractable, it turns out that many
of its aspects can be described by low-dimensional non-
integrable dynamical models. In this paper, we consider a
number of dynamical effects occurring in tokamak plasma
edge—in particular the role of internal transport barriers.
Furthermore, we present experimental results on turbulent-
driven transport for two machines—the Brazilian TCABR
tokamak and University of Texas” Helimak—that can be
explained by those theoretical models.
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1 Introduction

One of the key theoretical problems in the physics of mag-
netically confined fusion plasmas is the causes and associ-
ated rates of anomalous cross-field transport [1, 2]. There
exists a widespread consensus that turbulence plays a major
role on the mechanisms leading to anomalous transport [3—
5]. Turbulent processes display a broad fluctuation spectra
with maxima corresponding to small wave vectors and high
frequencies [6, 7]. A candidate for explaining the observed
anomalous transport rates in tokamaks is drift wave turbu-
lence, thanks to the presence of steep density gradients in
the plasma edge [8].

One of the characteristic features of a turbulent plasma
is the presence of a very large number of degrees of free-
dom. However, we assume that, at least in some types of
turbulence, it is possible to capture the essential features
of turbulent system using low-dimensional dynamical sys-
tems. This approach was introduced in the seminal paper
from Ruelle and Takens [10] and has led to a deeper under-
standing of the dynamical mechanisms underlying the onset
of turbulence. If the system is sufficiently dissipative, its
dynamics is governed by a low-dimensional chaotic attrac-
tor embedded in a phase space with a large number of
dimensions. The dynamics in this attractor can thus be
described by simpler systems; the Lorenz equations being
one of the well-known examples of how this dimensional
reduction procedure can provide useful information about
the turbulence of a fluid system [11].

In this paper, we report basic ideas that we have applied
to identify low-dimensional dynamical effects in turbulence,
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particularly related to drift waves and particle transport at
plasma edge [8. 9]. Furthermore, we describe how these
dynamical effects have been applied for the plasma tur-
bulence observed in TCABR Tokamak (University of Sio
Paulo, Brazil) and Texas Helimak (University of Texas at
Austin) to understand the reduction of turbulence-induced
transport by the formation of internal transport barriers. All
these described evidences of non-linear effects in plasma
physics have been obtained by applying models and proce-
dures introduced by Horton [2]. We have already described
these evidences separately in previous publications; how-
ever, the present article puts them in a common perspective
and illustrates some Hortons contributions to the plasma
turbulence theory.

The rest of the paper is organized as follows: In Section
2, we consider a simplified model for drift-wave turbulence
involving non-linear wave coupling in which we emphasize
both the onset of turbulence as well as the energy transfer
processes. We also consider the control of chaotic behav-
ior through the addition of a fourth resonant wave. Section
3 considers the formation of internal transport barriers and
their dependence on non-monotonic profiles, as in reversed
shear plasma flows. We first consider a simplified dynam-
ical model, the standard non-twist map, which exhibits the
formation of a shearless curve which acts as an internal
transport barrier.

A physical model for the E x B drift motion of parti-
cles in a magnetized plasma also presents the formation of
such a barrier due to a non-monotonic electric field radial
profile. We then consider experimental evidences of the
internal transport barrier formation in the TCABR tokamak
and Helimak. Finally, we consider a theoretical model for
the influence of magnetic shear on the internal transport
barriers. The last section is devoted to our conclusions.

2 Non-linear Wave Coupling
2.1 Prediction of Three-Wave Coupling

Hasegawa and Mima obtained in 1977 a non-linear par-
tial differential equation which describes the propagation of
drift waves in magnetized plasmas and the emergence of
stationary, non-uniform turbulence [12]:

 (v2 N 2 no

§(V ¢—¢)—[(V¢x 7) V] [v qb—ln(w—ﬂ_)] =0,
(1)

where ¢ (x, r) is the electrostatic potential of a wave with

frequency o propagating through an inhomogeneous plasma

where there is a uniform magnetic field B = Byé€.. The wave
frequency must be less than the ion cyclotron frequency

@ Springer

w.; = eBy/m;, where ¢ and m; are, respectively, the charge
and mass of the ions, and ng is the background plasma den-
sity. The operator V in Eq. (1) denotes the gradient in the
directions transverse to the magnetic field.

Although neglecting effects expected in plasma edge
tokamaks, as those due to the toroidal curvature or the
dynamics along the field line, the Hasegawa-Mima equation
is still considered a good model to investigate the relevance
of the non-linear mode coupling considered in our work.

A linear wave exists in this situation if the phase velocity
along the magnetic field is such that vy, < (w/k:) < vr,,
where v7, is the thermal velocity for ions (s = i) and elec-
trons (s = ¢). For long wavelengths, this is a drift wave in
which the dispersion relation is @ = k - vy, where v, is the
diamagnetic drift velocity. Moreover, drift waves possess a
characteristic dispersion scale length p; = /T, /m; fw [9].

We seek solutions for the Hasegawa-Mima (1) by
Fourier-expanding the electrostatic potential

] 00
Pl =5 Y [kt explik-x) +c.c] . 2)
k=1
where the ¢ (1) are the electrostatic modes in Fourier space.
The substitution of (2) into (1) yields an infinite system of
coupled differential equations for the Fourier modes [9, 13].
In fact, however, it suffices to analyze a few modes when
the turbulence is not yet fully developed [ 14, 15].

Accordingly, we consider a three-wave truncation of (2),
whose wave vectors satisfy the triplet condition ki + k2 +
k3 = 0. Moreover, we introduce phenomenological dissipa-
tive terms y; that describe mode growth or decay, yielding
the system

d

% +ioigl = A) ;03¢5 + 1101, 3)
d _

% +imngy = A3 193¢} + 1202, 4
d

% +iwsgs = A} 20103 + 1393, (5

where we denoted ¢;(1) = ¢x; (1) and w; = w; and the
coupling coefficients are given by [16]

(k32 — k2?)

AL = - (k) x k3) - Z (6)
23 2(1+kf)( x Ka)
(k12 — k3%) -~
A, = ——— (k3 x k) - 7
3.1 2(]+k§) (ks xkp)-z (7
(k2 — ki ?) .
A, = — (k1 x ko) - 8
1.2 2(]J”,(%)(lx 2)-Z (8)

In the following, we adopt parameters from the
TCABR tokamak of University of Sio Paulo: major radius
R = 61 cm, minor radius ¢ = 18 cm, maximum plasma
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Fig. 1 Time series of the wave a b
:_Jmpliludes labi | I{ =1 fgreen.j, ¢ 2 L T 1
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current 100 kA, plasma duration 100 ms, hydrogen filling
pressure 3 x 10% Pa, and toroidal magnetic field By =
1.1 T. At the plasma edge, the electron plasma density is
ne = 3 x 10" m™? and the electron temperature is
T, = 10 eV. The ratio between the density gradient and
the density in this region has been estimated as 1 em™ L.
Fluctuations of the floating potential at plasma edge have a
poloidal wave number kg in the range of 1 — 5 x 10° m~!,
with broad spectral content pronounced in the 1 — 100 kHz

range. We thus have chosen the mode frequencies as w;

-

w2 = w3 = 50 kHz. As for the wave numbers, we choose
ket = 4.5 em™! ky 6.5 cm~! and the others are
expressed in terms of them as follows: ko = 0.1k, 1. ky3 =
—1.1kx|,k_\.2 = Z,Ok}.l, and kys = —3,0k_.‘.|.

The numerical values of the growth/decay rates have
been adjusted to get wave mode amplitudes in the range
observed in experiments of plasma edge fluctuations,
namely —50V — 450V, namely y; = 0.0001, y, ¥3 €
[—0.0015, —0.003], the latter being our control parameter.
With this set of parameters, the three-wave equations are

Fig. 2 Time series of the 40 . .
potential in the real domain for
the same parameters as those of B ]
Fig. le.d 30
L | n 4
[}
20 —||| "| | | |7
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numerically integrated. Figure la displays the time series
of the wave amplitudes |¢;| for 1» = —0.002, showing a
period-2 orbit in the corresponding phase space projection
(Fig. 1b). This attractor becomes chaotic at o = —0.003
(Fig. lc, d).

On fixing the point x = y = 0, we obtain the time
series corresponding to the “real” electrostatic signal given
by the sum of the three Fourier modes for the chaotic case,
resulting in Fig. 2. The dependence of the wave dynamics
on the control parameter y5 is illustrated by the bifurcation
diagram shown in Fig. 3a, where we depict the asymp-
totic values of the discrete variable z,, := max |¢;|. The
corresponding maximum Lyapunov exponent is represented
in Fig. 3b. Chaotic behavior occurs for » = —0.0023
interspersed with windows of periodic behavior.

2.2 Resonant Control of Oscillations

One of the key points of the present analysis is that chaotic
behavior in the drift-wave dynamics is directly related to
the appearance of turbulent fluxes and anomalous trans-
port in the tokamak plasma edge. Hence, once we have a
low-dimensional model of this situation, as explained in the
previous subsection, a relevant question is how to control
these chaotic oscillations so as to reduce or utterly eliminate
turbulence in this region.

One possible control strategy is the addition of a resonant
fourth mode with small amplitude. In this case, a resonant
four-wave coupling involves the interaction of two-wave

a

1
-0.003 -0.0025 -0.002 -0.0015
b ]
6x107 T T T
- -5 -
5 3%10
18]
<] |
0+~ T P WL PR
-5 1 | 1 | 1
-3x109 003 00025 20002 00015

%

Fig. 3 a Bifurcation diagram for the discrete variable max |¢,| for
y1 = 0.0001 and varying y». b Maximum Lyapunov exponent

@ Springer

triplets. The presence of the second triplet having two waves
in common with the first can increase or stabilize the insta-
bility of the first triplet [17, 18]. Accordingly, we introduce
a fourth wave ¢4, which adds a second wave triplet obeying
the resonant conditions: ks = ki + k2 and w4 & w| + 2.
The amplitude of the control wave is kept small so that
|d4| = € <« |¢1.2.3| and constant so that de /df = 0. Insert-
ing the control wave in the three-wave system amounts to
add a term |e|¢3 to (3) and a term |e|¢} to (4) [19].

The addition of a tfourth resonant wave, with an ampli-
tude as small as € = 107!, is already enough to steer the
phase-space trajectory to a period-8 orbit. Other orbits with
periods equal to 4 and 2 can be obtained using different val-
ues of €. The dependence of the dynamics on ¢ is illustrated
by the bifurcation diagram depicted in Fig. 4 in which we
plot the asymptotic values of max |¢2| versus the strength
of the resonant perturbation €, the remaining parameters
being held constant. On increasing the values of e, we have
a less complex dynamics, starting from a one-band chaotic
attractor followed by various windows of periodic behavior,
two-band chaotic attractors, towards low-period orbits.

3 Particle Transport Barriers

Internal transport barriers have been observed in many sys-
tems of interest for plasma physics. One of them is radial
particle transport in toroidal plasma devices with reversed
magnetic shear [20] and the E x B-drift motion of charged
particles in a magnetized plasma under the action of a time-
periodic electric field from an electrostatic wave [21, 22].
In both cases, the internal transport barriers cause an overall
reduction of radial particle and energy transfer, which has
direct consequences on the duration and quality of plasma
confinement.

Here, we describe internal transport barriers created by
applying a perturbing electric field in the tokamak edge
region comprising the plasma edge and the scrape-off
layer, where the plasma exhibits high level of electrostatic
turbulence-induced particle transport [36]. Besides that, we
also show how such transport barriers can be created in the
perturbed helimak discharges.

3.1 Shearless Transport Barriers in Non-twist Maps

In order to study the mechanisms whereby particle transport
barriers occur in tokamak plasmas, we first consider sim-
ple models for magnetic field line behavior. It turns out that
these internal barriers exist in plasmas with non-monotonic
equilibrium zonal flows, giving rise to orbit topologies that
can only exist with reversed shear [21], i.e., with a non-
monotonic rotation number profile. The barriers appear in
the shearless region of non-twist Hamiltonian systems and
display their own typical characteristics with a proper route
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Fig. 5 Phase portraits of the

standard non-twist map
Eqgs. (9)—(10) for b = 0.4 and a
a=070;ba=0.69

by radial density gradients [9]. As a matter of fact, experi-
ments suggest that particle transport in the tokamak plasma
edge is chiefly caused by E x B particle drifts [8].

Hence, a simple but physically sound model consists on
the particle dynamics in a toroidal equilibrium magnetic
field B = Bype. subjected to electrostatic drift waves prop-
agating along the poloidal direction é&,. The radial direction
points to é;. The drift velocity of the guiding centers is
v=E x B/B%, where E = —V¢(x, y.t) and [27]

N
dlx.y. 1) = ¢0(x)+z A; sin(ky, x) cos(k,, y —a;1), (11)

=l

representing a background static potential plus the superpo-
sition of N drift waves with amplitudes A;, wave numbers
k;. and frequencies e;. Assuming that particles are passively
advected by the E x B drift velocity, we can write their
equations of motion in a canonical form

dx  3H dy 9H

by = —, (12)
dt ay dt dx

where H(x, y,t) = ¢ /By is the Hamiltonian function. The
case of only one drift wave (N = 1) turns out to be inte-

Fig. 6 Phase portraits of the

grable, with Hamiltonian (in a reference frame moving with
the phase velocity of the wave u| = w1 /ky, ):

H(x,y)= %;) —ulx—l—%{l}sin(kxlx)cos(k):]y). (13)

The static contribution for the poloidal flow drift velocity
is vp(x) = (1/Bp)(ddp/dx), such that y ~ vp —u; = U,
where U is called trapping parameter. It vanishes when
there is a resonance between the phase velocity of the wave
and the static drift velocity. The dynamical (12) were inte-
grated numerically. There results a tiling of the phase space
in islands representing particles trapped in the wave field
(Fig. 7a).

If the trapping parameter is non-zero but uniform, there
exist both periodic islands and invariant curves in the phase
space (Fig. 7b). Now, we consider the existence of a non-
monotonic electric field radial profile, as the field produced
by a bias electrode inserted radially into the plasma col-
umn. As we shall see in the following subsections, this
procedure has been able to reduce particle transport in the
tokamak plasma edge. We will show that, already in this
simple model, this reduction comes from the formation of

standard non-twist map
Eqgs. (9)—(10) for b = 0.5 and a
a=0.68ba=0.70
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Fig. 7 Phase portrait of the dynamical system obtained from the integrable one-wave Hamiltonian (13) witha U =0and b U = 0.6

an internal transport barrier. The radial profile we choose
for the trapping parameter is [28]

[agxz +ayx + (ap — u)], (14)

1
YR =

X

where a» = —0.84, a1 = 3.34, a9 — u = —-2.1334,
A = 0.16, and k, = 3.9267.

In this case, the trapping parameter is no longer uniform
but rather presents a non-monotonic radial profile (see the
right panel in Fig. 8): it has a global maximum inside the
plasma column, where a shearless curve is produced. Just
like in the standard non-twist map. the shearless curve is
an internal transport barrier. Since the one-wave Hamilto-
nian represents an integrable system, there are no chaotic
(area-filling) orbits in this case. However, if we consider
the presence of two or more drift waves, there will appear
chaotic regions on both sides of the shearless curve.

Fig. 8 Phase portrait of the 4

3.3 Transport Barriers in TCABR Tokamak

Transport barriers were experimentally observed in plasma
discharges of the TCABR machine (Tokamak Chauffage
Alfvén Brésilien). which operates in the Institute of Physics
of the University of Sdo Paulo [29]. In this subsection, we
will show recent results showing the reduction of radial par-
ticle transport driven by turbulent flux in the plasma edge
region. A non-monotonic electric field profile is created
by introducing a biased electrode in the tokamak [30]. We
interpret the experimental results by the creation of internal
transport barriers due to the non-monotonic radial electric
field. according to the theoretical framework described in
the previous subsection.

Figure 9 shows the time evolution of the spectral contri-
bution of the radial transport driven by turbulent flux in the
scrape-off layer of TCABR tokamak. In Fig. 9a, b, we con-
sider the application of an external bias potential of +100 V

dynamical system obtained from
the integrable one-wave
Hamiltonian (13) with a

non-monotonic radial profile for
the trapping parameter
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Fig. 9 Spectral contribution of the radial transport driven by turbulent
flux (in color scale) in the SOL of TCABR for bias voltages of a 100V
and b 300V

and 4300 V, respectively, at the time instant indicated by a
dashed line in the middle of both figures. Before the applica-
tion of the bias potential, the radial transport is concentrated
at low frequencies (in the frequency range of 1 — 10 kHz).
We also see that the spectral contribution of turbulent trans-
port is considerably reduced after the application of low bias
(Fig. 9a) and practically disappears for high bias (Fig. 9b)
[31-33].

The reduction of turbulent transport due to bias can be
also appreciated by computing the time-averaged turbulent
flux before (I'o) and after (I"g) the application of an external
bias. Figure 10 shows the ratio I'p/ I'g as a function of the
bias potential. If no bias is applied at all, this ratio is (within
the considered uncertainty) equal to the unity, as expected.
As the bias voltage is increased up to +300 V, the turbulent
flux decreases and practically disappears.

This scenario is explained by the formation of a transport
barrier due to a non-monotonic radial electric field profile,

as explained in the previous subsection. If no bias is applied,
this transport barrier is located outside the plasma column
(in the scrape-oftf layer) and hardly affects particle trans-
port in the plasma. As a bias voltage is applied, though, this
transport barrier migrates into the plasma and reduces dra-
matically turbulent fluxes in this region, as suggested by
experimental data [31-33].

3.4 Transport Barriers in Texas Helimak

Another machine in which we have investigated experi-
mentally the formation of internal transport barriers is the
Texas Helimak, which is a toroidal device with a plasma
colder and less dense than a tokamak plasma, in such a
way that a Helimak reproduces the conditions prevailing
in the scrape-off layer of a tokamak [34, 35]. In partic-
ular, the Helimak is suitable for experimental studies of
plasma edge turbulence and transport of interest in advanced
tokamak scenarios.

In the Texas Helimak, there is a basic toroidal mag-
netic field (0.1 T) and a small vertical field, whose com-
bination leads to helical magnetic field lines, most of
them starting and terminating into sets of collector plates
located at the top and bottom parts of the vessel. Its
dimensions are 1.6 m (external radius), 0.6 m (internal
radius), and 2.0 m (height). Thanks to the low density
of the plasma, there are many Langmuir probes mounted
at the collector plates, enabling us to measure radial
profiles of the ion saturation current and mean floating
potential [36].

The collector plates can also be used to introduce a bias
electric field, just as we have considered before for the
TCABR machine. Combined with the toroidal magnetic
field, there is a E x B drift along the vertical direction, whose
(non-monotonic) radial profile is depicted in Fig. 11a, pre-
senting a maximum at 1.13 m wherein a shearless barrier
appears, such that there is a sheared flow around this
position.

Fig. 10 Ratio between the 1.5 I I I | | |
time-averaged turbulent fluxes
with and without external bias [
as a function of the bias voltage |
for TCABR discharges o 1
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Fig. 11 a Radial profile of the
vertical plasma velocity

measured though a Doppler shift
spectrometer for bias +10 V. b
Radial profile of the turbulence
induced radial particle transport
for bias +10V
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We considered the density and drift velocity fluctuations
to calculate the particle transport induced by the electro-
static turbulence. Within this procedure, the time-averaged
transport flux is given by ' =< 7 - Vg =, where i and
VE are, respectively, the density and the E x B electric drift
velocity fluctuations [37]. In Fig. 11b, we show a radial pro-
file of the transport tlux, showing that at the vicinity of the
shearless barrier, the transport flux is nearly 0, i.e., a strong
reduction of transport due to the internal barrier.

3.5 Influence of Magnetic Shear on the Tansport Barriers

In this subsection, we will consider the drift-kinetic model
to investigate the role of the electric and magnetic shears
in the particle transport driven by drift wave electrostatic
fluctuations in the plasma edge. In this case, the guiding
center motion x(r) is described by the equation [22]

. (15)

02 4——————7——

w A

1.2

1.25 1.15

A (m)

1.2 1.25

where we have used local (pseudo-toroidal) coordinates
r: (r,8,¢), v) is the guiding center velocity parallel to B,
which is the equilibrium magnetic field, and E = —V¢,
where ¢ = ¢ + ¢, with a background electric potential ¢
(with a given radial profile) and the fluctuating potential is
given by

PX.1) = Y Gmencos(mé — Ly —net — o). (16)

m.E.n

where ¢ ¢, are the mode amplitudes. wyp is the lowest angu-
lar frequency with substantial amplitude in the drift wave
spectrum, and g is a random phase. For a single spatial
M /L mode, we have considered a drift wave spectrum given
by a maximum amplitude, namely ¢y} ,,. at the plasma edge
resonance and a minimum amplitude inside the plasma core.

For convenience, we also consider action and angle vari-
ables for the equations of guiding center motion as [ =
(r/a)* and ¥ = M@ — L respectively, where a is the
plasma radius and (M, L) are the poloidal and toroidal
mode numbers of the dominant modes. Note here that

0.2 -4 | R B S R B T

Fig. 12 Phase portraits for the system described by Eqgs. (17)—(18) for a non-monotonic background electric field profile and safety factor profiles
with a g{a) = 6 and b g(a) = 4 at the plasma edge. The shearless curves are depicted in red
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plays the role of a helical angle for these modes (coher-
ent oscillations). Taking these assumptions into (15), it is
written in a canonical form:

J\r
dl 2M i
=% Z @umLn SNy — nawot — o), (17
d Ba M.L.n
dy Y| ME,
— = L _[M—q()L]- : (18)
ar qu[ g(I)L] Badl

where R is the Tokamak major radius and g(7) is the safety
factor profile in local coordinates. We also used a non-
monotonic radial profile for the background electric field
due to drift waves E, = —3¢y/ar.

The above set of equation were numerically integrated
for a dominant mode with M/L = 4/16, n = 3, and an
amplitude ¢4 16, = 4eV for an equilibrium with safety
factor at the plasma edge ¢ (a) equal to 6 (Fig. 12a) and 4
(Fig. 12b). The non-monotonic profile we adopted for E(r)
is such that there are two twin islands for n = 3 separated by
a shearless curve. As the value of g(a) is decreased, though,
there are reconnection processes and there results an inter-
nal transport barriers. Hence, the latter is modified by the
magnetic shear and persist under variations of g (a).

4 Conclusions

The unifying element in this paper is the possibility
of describing plasma edge turbulence in terms of low-
dimensional dynamical systems that enables us to explain
(at least qualitatively) results of experiments on transport
performed in two machines: the Brazilian TCABR tokamak
and the Texas Helimak. We have also obtained, with the help
of these low-dimensional models, a number of theoretical
results concerning the onset and evolution of wave turbu-
lence at the plasma edge of both TCABR and Helimak. This
low-dimensional description is based in a drift wave three-
mode coupling, such that turbulent behavior stems from a
modulational instability. The transition between laminar and
chaotic behavior can be controlled by an external resonant
wave.

The observed turbulent-driven transport in plasma edge
can be explained by the formation of internal transport bar-
riers in this region. Such barriers come ultimately from the
existence of non-monotonic profiles for both electric and
magnetic fields. We used a simple theoretical description
of the latter, that is, the standard non-twist map. The non-
monotonicity leads to shearless curves that provide internal
transport barriers for the chaotic magnetic field lines.

Another physical model in which internal transport bar-
riers appear is the motion of particles passively advected by
the E x B drift flow. The non-monotonic profile in this case
is for the electric field due to a biased electrode inserted

@ Springer

into the plasma. As this barrier moves inside the plasma,
the observed turbulent-driven particle flux is reduced, as
observed in both TCABR and Helimak. We also investi-
gated the behavior of the magnetic shear in internal transport
barriers related to shearless curves and found that the lat-
ter persist under magnetic shear but are modified due to
reconnection processes.
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